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PREPARATION OF PRELIMINARY ABSTRACTS 


An article will not be accepted for publication in THe PuysicaAL Review unless the 
manuscript is accompanied by an adequate abstract for publication at the beginning 
of the article. This abstract is intended to aid the reader by furnishing an index and 
a brief summary of the contents of the article. Besides serving these purposes it 
should also be suitable for reproduction in abstract journals so as to make it un- 
necessary for the editors of these journals to have another abstract prepared. 


As an index it should be complete; all the subjects, major and minor, concerning 
which new information is presented, should each be given, with sufficient precision 
so that any reader can tell from the abstract whether the article contains anything 
of interest to him. The subject indexes of abstract journals are fundamental in refer- 
ence work. These indexes are prepared exclusively from the abstracts and whatever 
is omitted from the abstracts cannot be included in the index and may thus be lost. 
The writer of an abstract should therefore feel himself under an important obligation 
to his scientific colleagues to make sure that the abstract is accurate and complete, at 
least as an index. 


As a summary the abstract should give briefly the conclusions of the article, important 
advances in experimental technique and theory, and all numerical results of general 
interest that may be conveniently given including all that might belong in a hand- 
book and table of contents. It should give all the information that readers who are 
not specialists in the particular field involved might desire to know about the article 
thus saving them the time and trouble in referring to the article itself. Experience 
has shown that in general the length of the abstract should be from four to eight 
percent of the length of the article. 


Tue PuysicaL Review, 1923-1925, contains many examples of adequate abstracts. 
Most of these contain paragraph titles and subtitles which indicate the subjects 
concerning which new information is given and it is required that authors include 
such subtitles when all the information contained in the article does not refer to the 
subject indicated by the title of the article. Such subtitles may be frequently avoided 
by rewording the title so as to make it more precise. 
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FURTHER EXPERIMENTS ON THE UNIFORMITY OF 
DISTRIBUTION OF THE COSMIC RADIATION 


By RosBert A. MILLIKAN 
CALIFORNIA INSTITUTE OF TECHNOLOGY 


(Received December 8, 1931) 


ABSTRACT 


More careful and prolonged observations on the small, daily variation before re- 
ported in the measured intensities of the cosmic rays, the new observations being made 
under such conditions as to eliminate the possibility of a slight temperature effect sug- 
gested by Bowen and Millikan’s recent explanation of ionization-pressure relations in 
high-pressure electroscopes, yield the definite result that within the limits of the au- 
thor’s present observational uncertainty which is of the order of a third of a percent, the sun 
has no direct influence on cosmic-ray intensities. New evidence is presented that if ob- 
served and apparently systematic variations of the order of a third of a percent are 
in fact real they are best interpreted as the result of small changes in the blanketing 
effect of the earth’s atmosphere due to air currents. 


I OCTOBER, 1930! I published briefly the results of a long series of tests 
designed to bring to light minute effects of the sun or the milky way or of 
other celestial objects on the intensity of the cosmic radiation. These experi- 
ments brought to light no evidence for any such effects, indeed definite evi- 
dence aaginst their existence; but they did reveal a slight daily period of the 
order of a percent and of such character as to be best interpretable in terms of 
daily changes in the thickness of the atmosphere through which the rays 
must pass to reach the earth’s surface. 

These observations were taken for the most part out-of-doors and at dif- 
ferent altitudes up to 14,000 feet with a sensitive, high-pressure, cosmic-ray 
electroscope but in such a way as to eliminate completely the possibility of a 
temperature effect upon the elastic constants of the electroscope. Neverthe- 
less there were other possibilities of temperature effects and since the just dis- 
cernable maximum in the values of the comsic ray intensities seemed invari- 
ably to coincide with the period of maximum daily temperature as well as of 
minimum barometric pressure, I undertook during the past summer to re- 
peat some of these measurements under conditions in which the temperature 
of the electroscope could be held very nearly constant. 

A further reason for studying these daily variations with great care is 


'R. A, Millikan, Phys. Rev. 36, 1595 (1930). 
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found in the fact recently brought to light by Bowen and myself* that the 
lack of linearity in the ratio-between pressure and ionization in high pressure 
electroscopes is due to the impossibility of obtaining saturation with ordinary 
potentials in the use of such instruments. Thus if the same beta-ray, for ex- 
ample, passes first through an electroscope at one atmosphere and second 
through a similar electroscope at thirty atmospheres, in the latter instance 
the detached electrons are separated from their mother atoms, let us say, one 
thirtieth as far as in the first instance. However the forces causing them to re- 
unite vary rapidly with the distance apart and therefore become so huge in 
the second instance that it is impossible to obtain saturation with potentials 
anything like those which produce it easily at one atmosphere. In some ex- 
periments of my own less than half of the ions were caught at 30 atmospheres 
although with the use of potentials between 100 volts and 300 volts the cur- 
rents had the appearance of saturation, i e., they were practically independent 
of the applied potential between these limits. 

This explanation which Bowen and I have recently given of pressure- 
ionization effects obviously carries with it the conclusion that in such a high- 
pressure, unsaturated electroscope a somewhat larger number of ions will be 
carried to the electrodes at high temperatures than at low, since increased 
energy of agitation will obviously prevent a certain number of ions from re- 
uniting that would otherwise do so, At 30 atmospheres this effect of tempera- 
ture on current is not large for differences of temperature of say ten or fifteen 
degrees centigrade such as will sometimes occur between night and day; but 
in refined measurements it should be appreciable. It is a fundamental source 
of weakness in the use of high-pressure electroscopes. For measuring relative 
ionizations at constant temperature such high-pressure electroscopes are sat- 
isfactory, but for very fine measurements made at different temperatures 
they may lead to serious errors. This is presumably the cause of some of the 
differences in the results obtained by different observers on the variation of 
cosmic-ray intensities with the positions of celestial objects, inadequate pre- 
cautions having been taken to avoid this effect of temperature on the meas- 
ured ionization currents. 

My own experiments made on Pike's Peak (altitude 14,100 feet) in both 
1928 and 1930, (continued however through but two days) failed to reveal 
any daily period there; but they were made in a heated room of reasonably 
constant temperature while my experiments made out-of-doors both at Pasa- 
dena and at Gem Lake and on Mount Manitou (continued however over a 
period of many days and hence giving more significant mean values) showed 
clearly a maximum in the afternoon of the order of one per cent. 

I therefore repeated during the past summer (July and August) the Pasa- 
dena measurements as follows. I divided the day into four equal six hour 
periods: (1) 6 A.M. to noon, (2) noon to 6 P.M., (3) 6 P.M. to midnight and (4) 
midnight to 6 A.M., these periods being purposely taken long so as to elimi- 
nate as far as possible the random fluctuations to be expected. The first series 


*? Bowen and Millikan, Nature, Oct. (1931). 
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of measurements was made in Throop Hall, California Institute, with several 
feet of concrete both above (in the floors) and in the side walls, but with the 
temperature varying but slightly, in general not more than one degree centi- 
grade during the different periods. The second series was taken in the base- 
ment of my house at 1640 Oak Grove Avenue, Pasadena, with equally con- 
stant temperatures but with only wood above the instrument. The results are 
shown in Tables I to IV. 


TABLE I. Cosmic-ray intensity measurements in Throop Hall, Pasadena, July 11th to August 16. 


Morning Barometer Afternoon Barometer Evening Barometer Night Barometer 

ions cc//sec inches ions cc, sec. inches ions cc sec. inches ions cc, sec inches 
7 11 27.54 29.06 27.36 29.06 27.37 29.07 
7/12 27.29 29.06 27.69 29.03 27.69 29 04 27.15 29.05 
7 13 27.17 29 04 27.26 29.02 27.48 29.01 27.41 29.03 
7 14 27.50 29 04 24.52 29.00 28.10 29.03 27 .65 29.04 
7/15 27.45 29.03 27.63 29.02 27.77 29.09 27.57 29.09 
7/16 27.54 29.07 27.40 29.09 27.41 29.12 27.47 29.12 
717 27.36 ao .ii 28.00 29.06 27.61 29.03 27.63 29.04 
7/18 27.67 29.02 28.01 28.99 28.09 28 .98 27.58 28.99 
7/19 27.3 28.99 ry 28 .98 27.42 29.00 27.59 29.04 
7/20 27.09 29.03 27.27 29.00 27.24 28 99 27.72 29.02 
7/21 27.5 29.03 27.40 29.00 27.23 29.00 27 .39 29.02 
7/22 7.3 29.01 27.95 28.99 27.11 28 .98 27.31 29.00 
7/23 27.39 28 .98 27.86 28 95 27.47 28 .93 27.41 28 .95 
7,24 re 28 .95 27.42 28 .93 27.40 28 . 94 yg Pe 27.97 
7/25 27.44 28 .96 27.50 28 .95 27 .26 28 .96 27.41 28 .97 
7/26 27.30 28 .97 27.43 28.92 27 .06 28 93 27.20 28 .97 
7/27 27.73 28 .95 27.11 28 95 27 .46 28 .98 27.50 29.01 
7/28 27.04 29.02 — - 27.41 29.04 
7/29 27.37 29.03 28.08 29.02 27.81 29.04 27.26 29.07 
7/30 27.51 29.06 27.50 29.04 27.40 29.06 27.21 29.09 
7/31 28.02 29.08 27.67 29.04 27.61 29.05 27.44 29.08 
8 1 27.21 29.06 27.99 29.03 27.31 29.02 27 .33 29.03 
8/2 27.32 29.03 27.39 29.00 27.16 29.02 27.65 29.05 
8 3 27.69 29.05 27.34 29.04 27.36 29.00 27.18 29.10 
8 4 27.23 29.09 27.17 29.08 27.50 29.09 27.15 29.11 
8/5 27.36 29.11 27.41 29.08 27.58 29.09 27.19 29.14 
8 6 27.17 29.15 27.29 29.12 27.57 £9.15 7 29.19 
8/7 27.14 po. i7 27.06 29.19 27.29 29.14 27.28 29.18 
8 8 — — _ — — - 27.14 29.20 
8 9 27 .38 29.20 27 .63 29.16 27.19 29.17 27.57 29 .24 
8 10 27.40 29.22 27.52 29.17 
Means 27.387 29.051 27.528 29.030 27.461 29.035 27.415 29.062 





It will be seen from Table 1 for example, that the divergence of the indi- 
vidual readings from the mean is in general less than a percent. It should be 
said too that these readings of about 27 ions per cc per second represent es- 
sentially pure cosmic-ray intensities, the local radiation, which itself was 
found to be here very constant, being practically all screened out by the com- 
pletely encircling lead envelope, 7.6 cm in thickness. The zero reading of the 
electroscope is 1.2 ions per cc per sec. The readings in Tables I and III are 
uncorrected for changes in barometric height, but the mean barometer read- 
ing during each period is given in the column immediately to the right of the 
intensity reading in question. 

The barometric height remains remarkably constant during the month of 
observations represented in Table I and the eight days of observation repre- 
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sented in Table III; but the barometer goes through a small minimum each 
afternoon and a small maximum in the morning hours. In other words the 
mean barometric heights during the periods from midnight to 6 A.M. and 
6 A.M. to noon are always higher than during the periods from noon to 6 P.M. 
or from 6 P.M. to midnight; but the cosmic-ray intensities show just the in- 


TaBe IT. Cosmic-ray readings, July 11 to August 10, Reduced to barometer of 29.04 inches. 














Morning Afternoon Evening Night 
7 11 — 27.58 27.38 27.38 
7/12 27.31 27.68 27.69 27.16 
7/13 27.17 27.24 27.41 27.40 
7/14 27.50 27.47 28.094 27.65 
7/15 27.44 27.61 27 .83# 27.63 
7/16 27.50 27.34 27.31 27.37 
7/17 27.45 27 .98# 27.60 27.63 
7/18 27.65 27.954 28.014 27.52 
7/19 27.28 27.45 27.36 27.59 
7/20 27.08 27.22 27.18 27.70 
7/21 27.50 27.35 27.18 27.37 
7/22 27.30 27 .89# 27 .04# 27.26 
7/23 27.32 27.75 27.33 27.30 
7/24 27.11# 27.28 27.28 27.44 
7/25 27.34 27.39 27.164 27.32 
7/26 27.21 27.28 26.92# 27.16 
7/27 27.62 27 .00# 27.39 27.46 
7/28 27 .02# —- a 27.41 
7/29 27.36 28.064 27 .81# 27.30 
7/30 27.49 27.50 27.40 27.17 
7/31 28 .07# 27.67 27.62 27.49 
8/1 27.22 27 .98# 27.29 27.32 
8/2 27.28 27.34 27.144 27 .64 
8/3 27.707 27.34 27.38 27.23 
8/4 27.29 27.22 27.56 27.24 
8/5 27.45 27.46 27.65 27.31 
8/6 27.31 27.39 27.71# 27.917 
8/7 27.30 27.18% 27.41 27 .46 
8/8 — — — 27.34 
8/9 27.58 27.78 27.35 27.77# 
8/10 27.62 27.68 — — 
Means 27.394 27.515 27.446 27.331 








verse of these relations. In both Tables I and II the afternoon mean-cosmic- 
ray-intensity is the highest, though only of the order of a third of a percent 
or less, while also in both tables the period 6 A.M. to noon shows the minimum 
mean intensity. 

Both tables give indications that the differences in the means result from 
slight changes in the thickness of the atmospheric blanket due to the air cur- 
rents set up by the daily heating of the earth’s surface by the sun’s rays. 
Indeed the differences cannot possibly be due to a direct influence of the sun 
since in both tables the maximum and the minimum mean readings both 
occur while the sun is up. The lag in all the effects after the period of maxi- 
mum heating or cooling is indicated in both Tables I and III, the columns giv- 
ing both barometric readings and ionization readings in the period 6 P.M. to 
midnight showing apparently that the atmospheric currents with their con- 
sequent changes in the atmospheric blanket, which reach their maximum in 
the afternoon, hold over also into the evening period (6 P.M. to midnight) 
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TABLE III. Cosmic-ray measurements in basement of 1640 Oak Grove Avenue, Pasadena, 
August, 11-20, 1931. 








Morning Barometer Afternoon Barometer Evening Barometer Night Barometer 


| 





28.27 29.27 28.77 29.25 28.43 29.28 28.23 29.29 
28.74 29.29 28.42 29.29 28 .30 29.30 28.37 29 .32 
28.38 29.32 28.56 29 .32 28.10 29.33 28.71 29.34 
28.23 29.34 28.68 29.29 28.73 29.28 28.52 29.30 
41 29.26 28.73 29.24 28.26 29.26 28.58 29.28 
28 .30 29.27 28.24 29.24 28.69 29 .24 28.85 29.27 
28.65 29 .23 28.71 29.20 28.77 29.22 28.70 29.24 
28.55 29.23 28.25 29.20 28.68 29.21 28.28 29.26 


00 00 0 00 00 00 GO OO | 
tad ped fms fed bed fed fms bm 
CSOD US WN 
i) 
oo 





Means 28.441 29.276 28.546 29.254 28.494 29.265 28.530 29.285 








while the quieter conditions which establish themselves between midnight 
and morning also seem to hold over into the period from 6 A.M. to noon. 

For reasons which I have before given! the reduction of the readings in 
Tables I and III to a particular value of the barometric pressure cannot be 
expected completely to wipe out the differences in the means of the ionization 


TABLE IV. Cosmic-ray readings, August 11-20 reduced to barometric height of 29.26 inches. 











Morning T°C Afternoon T°C Evening T°C Night ‘i > 
8/11 28.25 24.8 28.75 24.7 28.46 24.5 28.28 24.2 
8/12 28.79 24.4 28.45 18 .6 28.36 24.5 28.46 24.1 
8/13 28.47 24.4 28.65 24.3 28.22 24.1 28.83 24.1 
8/14 28.35 24.3 28.75 24.5 28.77 24.3 28.62 23.9 
8/15 28.41 24.3 28.71 24.9 28.26 24.5 28.61 24.0 
8/16 28.30 24.6 28.21 25.1 28.66 24.4 28.85 23.6 
8/18 28.60 24.2 28.62 24.8 28.70 23.9 28 .66 23.0 
8/19 28.50 23 .4 28.19 24.6 28.54 24.5 28.26 23.6 





Means 28.459 28.541 28 .496 28.571 








at different periods since the barometer must respond somewhat to both static 
and dynamic influences,’ while if the incoming rays are actually constant, a 
cosmic-ray electroscope should reflect merely the total mean thickness of the 
blanket or air-wave interposed at a given time between the recording instru- 
ment and the rays coming in over the whole celestial dome, independently of 
whether the atmosphere is in motion or at rest. Tables II and IV represent 
such reduction of all readings to a common pressure. This is seen to reduce 
somewhat the differences between the means without however wiping them 
out. The relative positions of all the means in Table II remain the same as 
in Table I and this is true also of the morning, afternoon and evening means 
of Table IV but the “night mean” in Table IV has risen a trifle above that of 
the afternoon mean. This raises perhaps a little doubt as to whether all the 
differences may not be accidental, but the evidence on the whole seems to 
be rather in favor of a very slight afternoon maximum and a morning mini- 
mum occasioned by atmospheric currents due to solar heating. 

8’ Chapman, Proc. Royal Soc., June (1931) concludes from theoretical considerations that 


these differences cannot amount to as much as one percent, while these new observations of 
mine show experimentally that they do not amount to more than about a third of a percent 
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I have noted a bit of further evidence in this direction in Table Il. The 
fluctuations in the individual readings seem in general to be somewhat less 
in the period from midnight to 6 A.M. than during the other three periods, 
and this is the period in which the atmosphere is normally most quiet. In 
Table I], | have starred every reading which differs from the mean at the 
bottom of its column by as much as 1 percent. Hf the fluctuations are all due 
to changes in the thickness of the atmospheric blanket the “night” column 
should show the smallest number of such stars as it will be seen to do in 
Table Il. There is detinite evidence however, brought to light both by 
Steinke in Germany and by Carl ID). Anderson in Pasadena for occasional 
wholly random bursts of ionization due to something like catastrophic nuclear 
disintegrations and it is therefore at least a possibility though not a likelihood 
that all of the apparent regularities in the mean differences (Tables II and IV) 
are accidental. 

The only certain conclusion that I can draw from the whole set of observa- 
tions is then that within the limits of my own observational uncertainty, which 
has now been reduced to about a third of a percent, the sun has no direct influence 
upon the intensity of the cosmic rays. | can make the same assertion on the 
basis of other only partially published data with respect to the milky way and 
also with respect to the nearest spiral nebula, Andromeda. The foregoing re- 
sult is also in complete agreement with the extraordinarily careful and exact 
observations of Hoffman in Halle. The foregoing statement is the same as 
that which Cameron and I made as a result of our observations in Bolivia and 
on the Pacific Ocean between Los Angeles and Mollendo Peru, in 1926, but 
the limit of our uncertainty was then estimated at 6 percent while it has now 
been reduced to about a third of one percent. With this precision attained and 
with the great difficulty, if not the entire impossibility, of making dependable 
allowances for the effect of small waves in the atmosphere as well as for the 
effect of random fluctuations in ionization, great caution must clearly hence- 
forth be exercised in interpreting any results as showing minute variations 
either with solar or with sidereal time. 
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COSMIC-RAY IONIZATION AND ELECTROSCOPE-CONSTANTS 
AS A FUNCTION OF PRESSURE 
By Ropert A. MILLIKAN 


NORMAN BRIDGE LABORATORY OF PHyYsIcs 
CALIFORNIA INSTITUTE OF TECHNOLOGY 
PASADENA 


(Received December 26, 1931) 


ABSTRACT 


1. The residual ionization in an electroscope at infinite depth in water, that is, its 
zero reading, is found to be an inverse function of the pressure. Thus, in a particular 
electroscope the zero at 1 atmosphere was 5.13 ions cc/sec., while at 30.1 it had fallen 
to 1.2 ions cc/sec. 

2. Also, when in this electroscope the pressure was changed from 1 atmosphere to 
30.1 atmospheres the observed ionization current rose but 13.80 fold, which multiply- 
ing factor was found the same for gamma rays and for cosmic rays. 

3. Both of these pressure effects are shown to be due to lack-of-saturation in high 
pressure electroscopes, as first explained in Nature of October 3, 1931, by Bowen and 
the author. : 

4. From the multiplying factor found in (2) in the measured ionization at Pasa- 
dena in this 30 atmosphere high-pressure electroscope, the number of cosmic-ray ions at 
1 atmosphere (24° € 74 cm pressure) in this electroscope at Pasadena is found to be 
fairly accurately 2.63 ions cc/sec. 

5. The sea level value of the ionization in this electroscope is 2.48 ions cc/sec. 


I. INTRODUCTION 


HEN in the fall of 1926 after our return from our experiments in Bolivia, 
Dr. Cameron and I set about increasing the sensibility of our cosmic- 
ray electroscopes through the use of high pressures we at first assumed that, 
at least up to the pressures we then wished to use, about 10 atmospheres, the 
ionization produced by rays of the enormous penetrating power of the cos- 
mic rays would be proportional to pressure. 7 
When, however, at Arrowhead Lake, we took ionization-depth curves 
down to depths of 200 feet with the same electroscope, first when filled to a 
pressure of one atmosphere, then to a pressure of from 6 to 8 atmospheres, 
and a little later to a pressure of 30 atmospheres, we found two unexpected 
results, first, a marked dependence of the zero of the electroscope, i.e., the 
reading which it asymptotically approached at great depths, upon pressure, 
and second, a markedly smaller ionization current at high pressures than cor- 
responded to the expected linear relation between pressure and ionization. 
The chief purpose of the present paper is to present and explain these findings. 


II. ELECTROSCOPE ZERO A FUNCTION OF RRESSURE 
With respect to the zero of the instrument the following data are illustra- 
tive. In effect three depth-ionization curves were first taken with the same 
electroscope at three different pressures, namely 1 atmosphere, 4.56 atmos- 
pheres, and 6.66 atmospheres. This particular electroscope will be called elec- 
troscope No. 1. It was spherical, capable of being completely encased in a 


397 
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spherical lead screen 7.6 cm thick, and had a volume of 1580 cc. The rate of 
discharge when completely evacuated was taken and found to be quite negli- 
gible, corresponding to a few tenths of a division per day or less than 0.2 ion 
per cc per second, so that although the leak of the supports is included in the 
zero anyway and is therefore eliminated, there is no possibility of its intro- 
ducing appreciable uncertainty into the measurements by its variability. The 
zero of the instrument is then defined as the asymptotic value of the meas- 
ured ionization current toward which the readings approach at infinite depth. 
It is due to traces of radioactive impurities in the walls. These asymptotic 
values were found in the case of electroscope No. 1 to be as follows: 


Ati atmosphere, zero reading = 3.50 ions cc/sec. 
At 4.56 atmosphere, zero reading = 2.20 ions cc/sec. 
At 6.66 atmosphere, zero reading = 1.97 ions cc/sec. 


In the case of electroscope No. 2(Vol. 1610 cc), which was made precisely 
as was No. 1 of steel hemispheres 0.66 mm thick, each carrying a flange at the 
equator for the sake of air-tight bolting, only zero pressure and atmospheric 
pressure were used, the former for seeing that the leaks of the supports were 
negligible and the latter for taking ionization readings. This electroscope, too, 
could be encased in lead 7.6 cm thick. The zero at one atmosphere of this 
electroscope was found by the foregoing method to be 3.73 ions cc/sec., and 
by a completely independent and more exact method (see below) to be 3.91 
ions cc/sec. Although the difference is 5 percent I probably cannot claim a 
greater accuracy than this in this particular zero determination. 

In the case of electroscope No. 3, which had a volume of 1622 cm and a 
wall thickness of 3 mm of steel, depth-ionization curves were taken at one 
atmosphere and at 30 atmospheres. The latter is the curve published in the 
Physical Review 37, 235(1931). It is of course very much more dependable 
than any of the other curves since under the influence of the same radiation 
the currents are 13.8 times as great as at one atmosphere. This means that 
the asymptotic value can here be determined with relatively great precision, 
and in addition this zero value is so low (1.2 ions per cc/sec.) that a large per- 
centage of error in it would affect but little the following computations or 
the conclusions drawn from them. 

Let x be the zero value at 1 atmosphere, 7; the reading in the electroscope 
at one atmosphere at any depth where the ionization is large enough so that 
the percentage error in it is small, say at 1 meter below the water surface, and 
let Ri be the reading at this same depth where the pressure in the electroscope 
is 30 atmospheres. Also let R;; and 73; be the corresponding readings at a 
relatively large depth, say 35 meters. Then obviously 


Ri:—1.2 Rey — 1.2 





_é ee; 735 — X& 


Testing this equation to see whether x comes out constant when other read- 
ings than those at 1 m and 35 m are used is equivalent to proving that the 
actual cosmic-ray depth-ionization curve is independent of the type of elec- 
troscope used for testing it. When in one case the readings at 1 m and 20 m 
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beneath the surface and in a second case at 0.85 cm and 35 m were substi- 
tuted the zero of electroscope No. 3 at one atmosphere came out 5.13 ions cc/ 
sec. and 5.12 ions cc/sec., respectively. The zero of electroscope No. 3 was 
then taken as 5.13 at one atmosphere and 1.2 at 30 atmospheres. 

The foregoing method of comparing depth-ionization curves with different 
electroscopes was actually used in fixing all the above mentioned zero-values. 
A check-method on the foregoing determinations is as follows. After fixing the 
zero of No. 3 at 5.13 ions cc/sec., the three electroscopes 1, 2, and 3 were set 
up in the same spot on the campus at Pasadena all enclosed in the same lead 
shield. The mean ionization current in No. 1 was found to be 5.51 ions cc/sec., 
in No. 2 was 5.96 ions cc/sec., and in No. 3 it was 7.18 ions cc/sec. Then 
since the same external radiation is operating in all cases the zero of No. 1 
must be the zero of No. 3 minus (7.18 — 5.51) or 5.13—1.67 = 3.46 ions cc/sec. 
as against 3.5 mentioned above as determined by the first method. Similarly 
the zero of No. 2 is 5.13—(7.18 —5.96) =3.91 as against 3.73 as determined 
from the under-water work at Arrowhead. 

The foregoing data sufficiently establish the dependence of the electro- 
scope-zero upon pressure. The reason for this dependence is obviously that 
increase in pressure reduces in much the same proportion the distance of 
separation of electrons detached from atoms by the radioactivity in the walls. 
And, since the forces pulling the detached electrons back to the parent atom 
vary inversely with a high power of the distance apart, ions which can get to 
the electrodes at low pressures cannot do so at high. In other words, satura- 
tion becomes impossible at high pressures even though the applied potential is 
much increased, since the recombining forces increase enormously more rapidly. 

Although the foregoing explanation was seen at once to be satisfactory 
for the case of the relatively soft rays coming from radioactive constituents 
in the walls, it was not at once evident that it should also apply to the ioniza- 
tion produced by the extraordinarily penetrating cosmic rays. Indeed, the 
nature of the ionization.produced by the cosmic rays was completely un- 
known so that the following facts were discovered purely experimentally. 


III. NuMBER oF Cosmic-RAy IOoNs PRODUCED IN ELECTROSCOPE 
No. 3 AT PASADENA 


For the sake of finding the ionization produced in electroscope No. 3 at 
one atmosphere by the cosmic rays the following procedure was adopted, 
Electroscope No. 3 was set out on a stand under a tree on the campus of the 
California Institute at Pasadena and a series of readings taken alternately 
with and without the lead envelope. These readings were 


Without Pb With Pb 


July 11,1928 11.67 7.39 
July 12,1928 11.50 7.12 
July 13,1928 11.67 7.02 

7.20 


Means 11.61 7.18 
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The zero of this electroscope having been determined as 5.13 by the under- 
water work at Arrowhead Lake (altitude 5,100 feet) it follows that 11.61 — 
5.13 =6.48 =total ions formed per cc,sec. at Pasadena. (altitude 756 feet) 
and that 7.18 —5.13 = 2.05 =total ions inside Pb formed per cc ‘sec. at Pasa- 
dena. 

But now from the general cosmic-ray curves in lead and in water already 
published by Cameron and myself! and taken with this same electroscope at 
30.1 atmospheres it will be seen that the percentage of the cosmic rays getting 
through this identical lead screen at Pasadena is 


(28.2 —1.2) +(37.5—1.2) =74.4 percent 


+0.744=2.75 cosmic-ray ions per ccsec. are 
formed at Pasadena (alt. 756 ft. above sea level) in electroscope No. 3 when 
it is not surrounded by lead. Hence, approximately of the 6.48 ions all told 
formed in electroscope No. 3 at Pasadena 2.75 are due to cosmic rays and 
6.48 —2.75=3.73 are due to radioactivity in the earth and air. These figures 
need the following correction. Of these radioactive rays 2.4 percent get 
through the lead and there produce 0.09 ions so that of the 2.05 ions inside 
the lead only (2.05 —0.09) = 1.96 are really of cosmic origin. Hence the ions 
due to cosmic rays in No. 3 electroscope when it is outside the lead are 1.96 
+ 0.744 =2.63 and those due to local radioactive gamma-rays are 6.48— 
2.65 =3.85. The first of these numbers is constant within less than a per- 
cent? the second is of course variable in many localities, but in the dry summer 
months at Pasadena it was not found to vary by more than the limits of un- 
certainty of these measurements of it. ° 


Hence approximately 2.05 
75 


IV. MULTIPLYING FACTOR FOR Cosmic Rays AT 30 ATMOs- 
PHERES SAME AS FOR GAMMA-RAyYs 


Now in order to get the multiplying factor by which the ionization cur- 
rents due to cosmic rays in electroscope No. 3 are increased when the pres- 
sure is raised from 1 atmosphere to 30 atmospheres it is only necessary to 
take as above from the general cosmic-ray curve obtained in water by Cam- 
eron and myself! with this electroscope at this pressure, the value of the ioni- 
zation in it at the altitude of Pasadena. This is seen to be (37.5—1.2) = 36.3 
ions. Dividing this by the number of ions formed by the same cosmic rays 
when the electroscope has a pressure of 1 atmosphere, namely 2.63, one ob- 
tains as the cosmic-ray multiplying factor for 30 atmospheres 13.80. 

It is interesting to compare this with the multiplying factor for ordinary 
gamma-rays of radium and thorium. This can be obtained as follows: The 
difference between the ionization currents observed with electroscope No. 3 at 
1 atmosphere has been given as 11.61 —7.18 =4.43. This difference represents 
almost wholly the radioactive gamma-rays that are cut out by the lead. The 
same experiment was made in the same spot when the pressure was thirty 
atmospheres, the mean reading without lead being 90.75 ions cc/sec. and with 


1 Millikan and Cameron, Phys. Rev. 37, 244 (1931). 
2 Millikan, Phys. Rev. 39, 391 (1932). 
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lead 29.75 ions cc/sec. The ionization current now produced by these same 
rays is then. 
90.75 — 29.75 = 61.00 
61 +4.43 = 13.79 


i.e., the multiplying factor is the same for cosmic rays as for gamma-rays. This 
result is of no little importance since it means that the mechanism of ion forma- 
tion with cosmic rays is essentially the same as with gamma-rays. 

Since gamma-rays and cosmic rays show the same multiplying factor‘ it 
is of course unnecessary in order to get this factor to separate the ionization 
into the part due to cosmic rays and the part due to gamma-rays. Thus we 
had the total ionization at one atmosphere in No. 3 at Pasadena as 11.61 — 
5.13 =6.48. Similarly at thirty atmospheres the total ionization is 90.75 — 
1.02 = 89.55. The multiplying factor for all the rays cosmic and gamma, is then 
89.55 + 64.8 =13.82. The beautiful agreement between these three different 
ways of getting the multiplying factor for 30.1 atmospheres leaves little un- 
certainty as to its accuracy. In the same way the multiplying factor of the 
same electroscope at 9.26 atmospheres was found to be 6.22. 


\. SIGNIFICANCE OF PRESSURE-IONIZATION RELATIONS 


Bowen and I* have already pointed out that the significance of the fore- 
going pressure-ionization relations is simply that it is impossible to obtain 
saturation at high pressures. In the case of gamma-rays the immediate ioniz- 
ing agent is a beta-ray and on the average the detached electrons are not 
thrown far away from the parent atom. When the pressure is increased thirty- 
fold this distance is greatly reduced and the powerful recombining forces can- 
not be entirely overcome by any ordinary increase in field strength. Indeed, 
changes in applied potential from one hundred to three hundred volts are 
found to cause at 30 atmospheres no appreciable increase in current, i.e., the 
currents appear saturated though in fact less than half the electrons actually 
detached are caught. 

That the foregoing is the correct explanation of the pressure-ionization 
relations can be seen from the following considerations. The ionization pro- 
duced within an electroscope by gamma-rays is always a little higher than 
that computed for free air by means of the so called Eve number because 
there is a small positive wall-effect. Now the mass absorption law is found to 
hold quite accurately for atoms of nearly the same atomic weight. When, 
therefore, the absorbing mass inside the electroscope is increased by crowding 
in say thirty times as many of the same molecules as are already there the 
absorption must be increased in the same proportion, and the absorption must 
manifest itself in the ions formed. If, then, we find by experiment that we get 
only half the expected number of ions it can only mean that we have not 
caught them all. That the cosmic rays behave in this respect just as do the 


3 Millikan and Bowen, Nature 128, 582, (1931). 
4 This result was also found by Hoffmann, Zeits. f. Physik 69, 704 (1931). See also Hoff- 
mann and Lindholm, Gerlands Beitrige zur Geophysik 22, 23 (1928). 
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gamma-rays must mean that in the case of cosmic rays the immediate ioniz- 
ing agent is either a negative or a positive electron or both, for the general 
tvpe of ionization is the same for electrons and for protons, as the Wilson 
tracks show. 


VI. Cosmic-RAy IONIZATION AT SEA LEVEL 


The result found above that the cosmic-ray ionization at Pasadena in 
Electroscope No. 3 is 2.63 cc/sec. is somewhat surprising because it is larger 
than our preceding estimate. Its accuracy, however, is very much greater 
than that obtained in any of our preceding work done with electroscopes at 
a pressure of one atmosphere, for the foregoing multiplying factor 13.80 is 
known with great certainty as the above data show, and the icnization at 
Pasadena taken from the Millikan-Cameron-30-atmosphere curve is a 
weighted mean of many observations, and its value is accurately 37.5 ions 
cc/sec. Now (37.5 —1.2) +13.80 gives exactly 2.63, which is the ionization at 
Pasadena at 24° C, 74 cm pressure, the conditions at the time of filling the 
electroscope and in terms of which the pressure of 30.1 atmospheres was com- 
puted. As can be seen from the ionization-depth curve, 2.63 ions cc/sec. at 
Pasadena corresponds at sea level, i.e., at 10.33 meters of water, to 2.48 ions 
cc/sec. in place of the 1.4 or 1.6 ions cc/sec., which was published as a result 
of our early under-water work done in 1925 and 1926 before the technic of ac- 
curate cosmic-ray measurements had been developed. 

The other two electroscopes here used, No. 1 and No. 2, when worked out 
in the same way give results in fair agreement, No. 1 giving cosmic-ray ions 
at Pasadena 5 percent lower than No. 3 and No 2 giving a value 7 percent 
higher. But the results with No. 3 are by far the most dependable. Not only 
the ionization-depth curve itself but the constants derived from it are so much 
more accurate than any of our previous results obtained with the earlier and 
much less sensitive electroscopes that although I can find no disagreements 
between the previous work and this that lie outside the older experimental un- 
certainties, this newer work should entirely replace the older at points at 
which they overlap. These former experimental uncertainties lay partly in the 
measurements of the electrical capacities of the fibers, then only roughly de- 
termined, but especially in the zeros of the electroscopes, insufficient depths 
and insufficient sensitivities having been used in determining them in the 
earlier work. This earlier work, too, was done with entirely different electro- 
scopes which need not have the same wall-effects as has No. 3 here used, 
though I do not think this should make so large a difference. It is true that 
all measurements of the absolute value of the cosmic-ray ionization at sea 
level relate to the particular electroscope used and in general contain an un- 
known wall-effect. This effect, however, is probably rather small so that it is 
now highly probable that the absolute value of the cosmic-ray ionization in 
open air at Pasadena is somewhat over 2 ions. I hope to report later on the 
reduction of the values here found for electroscope No. 3 to absolute values in 
free air. 
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ABSTRACT 


This paper reports the results of an experimental attempt magnetically to 
deviate the high-energy corpuscles associated with the cosmic radiation. With a 
magnetic analyser involving the use of Geiger-Miiller electron counters and the 
magnetic field in the interior of a magnetized iron bar, it is found that no deviation of 
the corpuscles which cause the simultaneous discharges of the counters occurs. Cal- 
culation of the sensitivity indicates that an observable deviation would have been pro- 
duced if the corpuscles were electrons of energy 2 10° e-volts or less or portons of 
energy 10° e-volts or less. 

The difficulties involved in explaining this result are discussed and various pos- 
sible interpretations are presented. 


INTRODUCTION 


[< THE present paper will be reported the results which have been ob- 
tained in the attempt magnetically to deviate the cosmic corpuscular radia- 
tion. The general character of the method has been described,' and prelimi- 
nary results have already been presented.? The present experimental method 
was devised at about the same time independently by Rossi,’ by Tuve,‘* and 
by the author. Results were first obtained by Rossi, who found that the 
greater part of the corpuscles passing through his apparatus if assumed to be 
electrons had an energy greater than about 108 e-volts. Recently a note by 
Rossi® has appeared in which he presents new results obtained by a more 
sensitive method which indicates energies greater than 10'° e-volts on the 
above assumption. 

The starting point of this work was the work of Bothe and Kolhorster® 
who found that the cosmic radiation seems to consist principally of high 
energy ionizing particles. At that time it seemed natural to assume the par- 
ticles to be electrons; and from their penetrating power it appeared that 
their energy had to be of the order of 10° e-volts. In order to obtain more defi- 
nite information with regard to their energy an apparatus was set up which 
could give measurable deviation of electrons of this energy. Contrary to ex- 
pectation, however, it turns out that no deflection is observed. It does not 


1 L. M. Mott-Smith, Phys. Rev. 35, 1125 (1930). 

2 L. M. Mott-Smith, Phys. Rev. 37, 1001 (1931). 

3 B. Rossi, Rend. Acc. dei Lincei 2, 478 (1930). 

4M. A. Tuve, Phys. Rev. 35, 651 (1930). 

5 B. Rossi, Nature 128, 300 (1931). 

* W. Bothe and W. Kolhérster, Zeits. f. Physik 56, 751 (1929). 
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seem possible to find a satisfactory interpretation of this result at the present 
time. However, some interesting questions are raised so that it seems worth 
while to present the experimental method and the results in detail. 


EXPERIMENTAL 

Method 

The experimental method is based on the discovery by Bothe and Kol- 
hérster that the high-energy particles associated with the cosmic rays can be 
studied by making use of their ability to cause the simultaneous discharge of 
two neighboring Geiger-Miiller tube electron-counters.’?’ This “coincidence 
method” is a very powerful means of studying these particles since this effect, 
save for chance coincidences, which can easily be allowed for, is practically 
entirely due to the cosmic radiation, and because it is possible to detect in- 
dividual particles. 
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Fig. 1. Arrangement of apparatus. 


For the purpose of magnetic analysis of these particles, Bothe and Kol- 
hérster’s method of counting coincidences between two counters was ex- 
tended by the introduction of a third counter and recording the triply coinci- 
dent discharges of the three. It was verified that the frequency of the triple 
coincidences under various geometrical arrangements of the three counters 
was exactly that to be expected on the assumption that the discharges are 
caused by the rectilinear passage of an ionizing particle through the appara- 
tus, entirely in accord with Bothe and Kolhérster’s position with regard to 
the meaning of the coincident discharges. (Evidence for this comes from the 
experimental results to be presented below.) The triple coincidence arrange- 
ment made it possible to set up a magnetic analyser because it allows a nar- 
row beam of the particles to be picked out of the diffuse radiation by using 


7H. Geiger and W. Miiller, Phys. Zeits. 29, 839 (1928). 





MAGNETIC DEFLECTION OF COSMIC-RAY CORPUSCLES 405 


two of the counters as collimators. The two counters are indicated at A and B 
of Fig. 1, which represents the two vertical elevations of the apparatus. The 
third counter, C, placed below, serves to explore the beam defined by the 
first two. It will be evident that if only triply coincident discharges of the 
three counters are recorded any particles which reach the analysing counter 
without passing through both collimating counters are not registered and 
that consequently the two upper counters act exactly as a pair of slits in re- 
jecting all particles which do not pass through them. 

For studying the magnetic deviation of the particles a region of magnetic 
field is introduced just below the second counter. It was found that with the 
separation of the counters required to give what was believed to be sufficient 
resolving power, the length of the tubes had to be relatively great in order to 
give a counting rate high enough to render the experiment feasible. Since the 
magnetic field must be directed parallel to the axis of the cylinders and since 
a reasonably strong field over a path of the order of 10 cm was needed, it was 
difficult to produce a strong enough field throughout this large volume with- 
out very powerful electromagnetic equipment. Accordingly in this experi- 
ment the magnetic field in the interior of a block of magnetized iron is em- 
ployed. That such a scheme would be feasible and convenient for deviating 
these very penetrating particles was first pointed out by Skobelzyn.* The 
closed core magnet used for this purpose is indicated at ./, Fig. 1. In this 
manner it was possible to obtain a strong enough field so that a measurable 
deviation of electrons of 10° e-volts energy would be expected. 

The experiment then consists in exploring the beam by observing the fre- 
quency of the coincidences at various displacements, d, of the lowermost 
counter and looking for a change in position or shape of the intensity maxi- 
mum as the iron core is magnetized. 


Details of apparatus 


The Geiger-Miiller counters. In as much as it was necessary to take counts 
continuously over a period of several weeks, it was essential that the G.-M. 
tubes should maintain constant characteristics during this period of time. 
Since difficulties might be experienced with leakage or slow changes of the 
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Fig. 2. Detail of Geiger-Miiller counter. 











gas in tubes not permanently sealed up, the tubes were enclosed in a glass 
envelope which could be sealed off. The details of construction will be evident 
from an inspection of Fig. 2. The tube is formed from sheet copper, with the 
usual “can” joint. Its ends were flared over to prevent strong electric fields at 


8 D. Skobelzyn, Zeits. f. Physik 54, 686 (1929). 
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the sharp énds. The tube is supported in the Nonex glass container partly by 
two spring skirts bearing against the glass and partly by the side lead. The 
central wire is of tungsten 0.076 mm in diameter, supported from two tung- 
sten seals one at each end of the envelope. A tungsten spring holds the wire 
taut. To prepare the tubes for operation they were baked out at about 350°C 
for several hours on the pumps in accordance with the usual high-vacuum 
technique. The central wire was then cleaned by electrical heating to in- 
candescence for a few moments. After this treatment the tubes were allowed 
to cool, the pumps were shut off, and finally air was slowly introduced, pass- 
ing through a liquid-air trap for removal of water vapor and radioactive 
emanations. The pressure chosen was 7.0 cm of mercury. The tubes were 
finally sealed off and were then ready for use. 

A preliminary test of a tube constructed in this manner showed that its 
counting rate remained practically unaltered during about six weeks of con- 
tinuous operation. Tests of the individual counting rates of the particular 
tubes used in the present experiment were not deemed necessary, though 
from experience with tubes of similar dimensions and construction the num- 
ber of discharges per minute is estimated to be about 200 at sea level and with 
normal radioactivity of the surroundings. 

The magnet. The “magnet” consists of a closed core of solid mild steel with 
a magnetizing winding of about 2000 turns on the leg through which the cor- 
puscles passed. Its dimensions are given in Fig. 1. A magnetic induction of 
17,000 was obtained with a current of 2.2 amperes. The induction was deter- 
mined by means of a fluxmeter and single turn coil linking the core. 

The coincidence selector and counter. For the present work it was essential 
to have an entirely automatic device for selecting the triple coincidences out 
of the single and paired impulses. Besides it was highly desirable to record and 
sum the triple coincidences automatically. Accordingly, Bothe’s® automatic 
method of accomplishing these results for paired coincidences was extended 
to selecting and counting triple coincidences.!° 

The diagram of connections of the vacuum tube arrangement for selecting 
and recording the triple coincidences is shown in Fig. 3. The single impulses 
from the G.-M. tubes A,B,C are separately amplified by the three tubes 
T;, T2, T3. The function of the interposed blocking condensers and grid leaks 
is to shorten the duration of the impulse and was shown by Bothe to be neces- 
sary if the selector is to give good resolution. The amplified impulses from two 
of the counters then actuate the grids of a double grid tube, 7;. As Bothe has 
shown, if the two grids of a double grid tube are maintained at a suitable 
negative potential with respect to the cathode, then the potential of either 
grid can be separately raised a considerable amount without causing current 
to flow in the plate circuit. On the other hand, if both grids are simultaneously 
raised, current flows in plate circuit. Accordingly, the impulses arriving at 
the grids of tube 7, will only give a pulse of current in the output circuit of 


® W. Bothe, Zeits. f. Physik 59, 1 (1930). 
1 B. Rossi, Nature 125, 636 (1930). 
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this tube when they occur simultaneously, or more precisely, when their over- 
lapping is sufficiently large. The output of this tube is then combined with 
the single impulses of the third counter by means of a second double grid 
tube, 7;, which operates in exactly the same manner as 7,. Hence in the out- 
put circuit of this tube will only appear impulses due to triply coincident dis- 
charges. The tube 7; is interposed between these two tubes (7,4 and 7%) in 
order to convert the negative impulse from the output of tube 7; into a posi- 
tive one, since it is evident that the operation of the double grid tube as a 
selector requires impulses which increase the potentials of its grids. The 
triple coincidence impulses are then amplified by the two stage amplifier 
Ts, Ty. The amplified impulses operate the relay R, and are finally recorded 
on the impulse counter. It was found, however, that the operation of the im- 
pulse counter was considerably improved by the introduction of the delay 
circuit, comprising the tube 7 and the second relay, Re, connected as shown. 
This circuit was necessary because during the very short time interval that 
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Fig. 3. Diagram of connections. 


the relay R; remained closed it was not possible to pass sufficient energy to 
operate reliably the impulse counter. 

The various details of the selector and counter, such as the method of 
coupling between tubes, the values of the plate and grid potentials, etc., will 
be evident from inspection of the diagram. The final adjustment to proper 
working condition was principally a matter of trial and error involving the 
adjustment of the amplification of the various amplifier tubes by altering the 
coupling resistances, and the setting of the steady grid potentials on the selec- 
tor tubes. (The values of these quantities indicated on the diagrams are only 
approximately given for illustration; their correct exact values depend on the 
characteristics of the G.-M. tubes, the amplifier tubes, etc.) The final adjust- 
ment was governed by the criteria that if any one of the G.-M. counters is 
rendered inoperative no impulses should be registered, and that the triple 
coincidence counting rate should be the expected value based on the known 
intensity of the cosmic radiation and the geometry of the arrangement. In its 
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final adjustment the selector gave no counts for a period of one hour when 
any one of the three counters was rendered inoperative by earthing the cyl- 
inder, under conditions when a count of about 30 impulses per hour would 
have been obtained if all three counters were operating. In addition, tests 
were made on the counting rate as the lower or central counter was moved out 
of alignment and in each case the counting rate was reduced to a small frac- 
tion (about 10 percent) of the rate with the three counters in alignment. It 
should be pointed out that no direct tests could be made to determine 
whether all the triple coincidences were being registered. In fact with all elec- 
trical coincidence selectors this doubt seems to be present. However, from the 
consistency of the results with various adjustments of the amplifier it is bé- 
lieved that an inappreciable fraction is lost, but in any case this question is 
of little importance for the present experiment since we are principally inter- 
ested in the relative values of the counting rate under various experimental 
conditions. 


Procedure and results 


The investigation of the effect of the magnetic field consisted in two prin- 
cipal series of runs each extending over a period of six to eight weeks, during 
which time the apparatus was maintained in continuous operation. Between 
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Displacement of Analyser 


the two series the vacuum-tube rectifier which furnished the potential for the 
counters was replaced by a dry-cell battery because it was suspected that 
some fluctuation in counting rate was caused by unsteadiness of this poten- 
tial. However, no evidence could be found showing that improvement in ac- 
curacy resulted from this change and accordingly the results from both series 
are averaged together. The individual determinations at each setting of the 
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analysing counter and under various conditions of magnetization of the mag- 
net usually were of about twelve to twenty-four hours duration, though in 
some cases runs lasting as long as forty-eight hours were made. During the 
course of the experiment the counts at the central position with the magnet 
unmagnetized as a standard condition were frequently repeated to test for 
possible secular changes in the counters or in the electrical system. No evi- 
dence of such effects was found. 

The data are graphically represented in Fig. 4. The points in this figure 
are the averages of usually numerous separate runs at each of the various 
settings. These averages were of course taken by summing the total number 
of coincidences at each setting and dividing by the total time interval. The 
probable error of the individual points is estimated to be about 3 percent. In 
making this estimate it has been found necessary to take account of both the 
statistical error due to the random arrival of the corpuscles and of certain 
other sources of fluctuation also of a more or less random nature whose cause 
is not exactly understood but whose magnitude could be estimated by suita- 
ble statistical treatment of the separate runs at a particular setting. To indi- 
cate the method of estimating the probable error, and as a sample set of data, 
the results of the separate determinations at the central position with the 
magnetic field on, deflecting electrons north, are given in Table I. The num- 
ber of separate counts for this position is not as large as that for certain other 


TABLE I. Sample of data 


Devia- 


Interval Count Rate _— 
. : 2 
(hours) (C) C, hour (D) Cl 
4454 
19.32 588 31.5 2.1 2600 Average rate "751 ~=29.4C/hr 
51.5 
— . (8400)"2 
17.79 494 27.8 —1.6 1300 Standard deviation = ——=1.4 
4454 
14.40 451 31.3 1.9 1600 Probable error =0.67 X1.4=0.92 
0.92100 | 
12.00 360 30.0 0.6 100 % P.E. = 0 4 =3.1 
24.13 690 28.6 —0.8 400 Statistical error =0 .67(4454)'2=0.29 
0.29 100 
39.90 1134 28.4 —1.0 1100 %S.E.= 0.4 =1.0 
24.00 737 30.7 1.3 1300 
151.54 4454 8400 


points but somewhat greater than that at a few others, so that it may be 
taken as an average sample. Taking the separate runs as individual observa- 
tions, the probable error has been computed by the usual method. In making 
this calculation, since the counts are not all of the same number, the observa- 
tions have been given weights proportional to the number of coincidences 
counted. As indicated in the table, the probable error for this set of counts is 
3.1 percent and is taken to be the true probable error of the quantity in ques- 
tion. It will be noted that the statistical error is considerably smaller; only 
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1 percent in this case. Similar treatment of the rest of the data yields ap- 
proximately this same figure or better. For example, the figures for the num- 
erous runs at the central position, magnet unmagnetized, are: probable error 
computed in the above manner, 2.9 percent; statistical error, 0.7 percent. 

The points at 10 and 12 cm north represent the count due to coincidences 
occurring by chance, because at the 10 cm position the analyser is just out- 
side of the geometrical limits of the beam. The fact that the count at 12 cm 
is nearly the same as that at 10 cm indicates that there is very little scatter- 
ing of the corpuscles in passing through the magnet. 

On this figure have also been indicated the values of the counting rate 
which are expected assuming that the corpuscles pass rectilinearly through the 
apparatus, and that the entire cross-sectional area of each counter is effec- 
tive. In calculating this curve the experimentally observed counting rate at 
the central position and the “chance” count for the point at 10 cm have been 
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Fig. 5. Absorption due to magnet. 


taken as given and the other points then computed. It will be noted that the 
calculated shape of the intensity maximum is slightly different from the ob- 
served. However, this difference is undoubtedly due to trivial causes such as 
inaccuracy in alignment and construction of the counters or lack of sensi- 
tivity of the counters for a corpuscle passing through very near the cylinder. 
It may be said that on the whole the experimentally observed intensity maxi- 
mum is of the character to be expected under the above assumption. 

A subsidiary set of runs was also made with the magnet removed from the 
beam for the purpose of observing the absorption due to the magnet as well 
as a possible widening of the beam due to the scattering of the radiation by 
the iron. The curve obtained for this condition is presented in Fig. 5. Only 
very rough determinations were made of the various points, with exception 
of that at the central position whose accuracy is as high as the data presented 
above. The curve for the magnet in position but unmagnetized has been re- 
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peated on this figure for purpose of comparison. One feature of interest in this 
determination is that we can obtain from it a check on the observation of 
Bothe and Kolhérster® and others that the absorption coefficient for the cor- 
puscles responsible for the.coincidences is nearly the same as the appropriate 
cosmic-ray coefficient determined by the electroscope measurements. The 
amount of absorption in passing through the magnet can be obtained from 
the two ordinates at the central position (41.5 and 31.8). Allowing for the 
chance count (3.0), we obtain, J/Jo=0.75. The expected change can be ob- 
tained from the water-equivalent thickness of the magnet and Millikan and 
Cameron's" cosmic-ray intensity curve. Assuming the mass law, the water 
equivalent of the magnet (15.1 cm of iron and 2.0 cm of copper) is 136 cm. 
From the curve we find, taking the ionization at 10.5 meters and at 11.9 
meters, J/Jo=0.81, in good agreement with the observed value. The dis- 
crepancy is in the right direction to be explained by a failure of the mass law 
such as has been found by Millikan and Cameron" for their lead electro- 
scope shield. It is also of interest to note that there appears to be little or no 
scattering of the radiation by the iron. If the part of the radiation (amounting 
to 25 percent) which is lost from the incident beam is removed mainly by 
scattering at small angles we should expect to find an appreciable broadening 
of the beam when the magnet is in position. It seems therefore that the 
corpuscles must be either absorbed or scattered at large angles. Though it 
would seem that interesting information with regard to the character of the 
radiation could be obtained by analysis of this observation it has not seemed 
worth while to attempt this until more accurate data on the scattering have 
been obtained. 

Returning now to a consideration of the data of Fig. 4 it will be noticed 
that the values obtained when the magnetic field is present lie somewhat be- 
low those for no magnetization but that no significant shift or broadening of 
the intensity maximum on magnetization is observed. In the results which 
were previously reported, a similar lowering was observed but on account of 
the uncertainty of the measurements it could not be concluded that the pres- 
ence of the magnetic field had any effect whatever on the shape of the curve. 
In the case of the present results it is probable that the observed lowering of 
the curve is significant. This effect is undoubtedly due to the presence of 
relatively low energy secondary particles. Such particles accompanying the 
cosmic radiation have been observed by Geiger.” 

But what is perhaps of greater interest is that no significant displacement 
of the maxima for the two directions of magnetization is observed. To dis- 
cuss the meaning of this result it is necessary to calculate the sensitivity of 
the apparatus. We first obtain the deviation experienced by an electron pas- 
sing axially down through the apparatus. In making this calculation the force 
on the electron while in the interior of the magnetized iron is taken to be e/c 
[vx B], where e,v and c have their usual significance and B is the magnetic 


" R. A. Millikan and G. H. Cameron, Phys. Rev. 37, 235 (1931). 
12H. Geiger, Proc. Roy. Soc. A128, 331 (1931). 
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induction. A few words in justification of this procedure may not be out of 
place. On the electromagnetic theory the induction represents the average 
value of the actual internal magnetic field. It is hardly conceivable that this 
average is made up of values so distributed that a majority of the electrons 
are able to pass through the iron without passing through the region where 
the field is large. Accordingly it seems that unless our notions of the nature 
of magnetic bodies are quite incorrect the above relation for calculating the 
deflection must give correct results, at least to a first approximation. For 
electrons whose velocity is so great that their moving mass is large in com- 
parison to their proper mass, as will be true in the present case, the expres- 
sion for 7p reduces to the simple form, /Jp =3.3X10-*V, where p is the ra- 
dius of curvature of the path in a field of strength /7, and V the energy of the 
electron in equivalent volts. Putting in the value of 7/7, 17,000 gauss, we ob- 
tain p=1.9X10-7\V. The deviation at the analysing counter produced by this 
curvature of the path is readily computed to be, d =420 /p. 

It may first be assumed that all the electrons are arriving with the same 
velocity, in order to find a lower limit for this quantity. In this case, to a good 
approximation, the entire intensity maximum will be shifted to one side an 
amount equal to the calculated deviation for an axial electron. Although it 
is somewhat difficult to arrive at an exact estimate of how large a shift could 
have been observed, an inspection of the curve of Fig. 4 and the probable un- 
certainty in the points indicates that a displacement of 1 cm could not have 
escaped notice. (It should be remembered that the separation of the maxima 
for the two opposite senses of magnetization will of course be twice the cal- 
culated value). Introducing the value 1.0 cm it is found that the permissible 
p is 420 cm and the equivalent voltage 420 /1.9X 10-7, or approximately 2 X 
10° volts. A similar computation for protons indicates that if the particles are 
protons their energy must be greater than about 10° e-volts. 

DISCUSSION 

If the radiation is indeed composed of electrons (or protons) a surprising 
feature of the present result is the apparent entire absence of deflectable ones, 
because on present ideas it would be expected that a considerable fraction of 
the radiation should consist of relatively low speed electrons. If nuclear ef- 
fects are negligible, as has been always supposed when dealing with the ab- 
sorption of high energy particles, it would seem that the principal causes of 
removal of electrons from the beam will be (1) complete loss of energy by pro- 
duction of ionization along the path and (2) by multiple scattering. When 
dealing with electrons whose energy is 1000 times that of an a-particle and 
whose momentum is of the same order it is evident that multiple scattering 
becomes a negligible factor in this process.'* The principal factor in produc- 
ing the absorption must be the loss of energy along a rectilinear path. Now 
the cosmic radiation is know to follow an approximate exponential law of ab- 
sorption. In order to obtain such a law with this process of absorption it is 


8 See also calculations on the multiple scattering in the article of reference 6. 
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necessary to make the ad hoc assumption of an exponential distribution in 
number of electrons of given initial velocity. In addition it must be expected 
that a considerable fraction of the electrons composing the beam should have 
relatively low energy. This is readily seen without detailed calculation by the 
following consideration. It may be found, for example, from Millikan and 
Cameron's curve that 30 percent of the electrons passing through the magnet 
are destined to be absorbed in the next 2.5 meters water equivalent of ab- 
sorbing material. The ionization along the path amounts to, say, 40 ion pairs 
per cm in air at atmospheric pressure, or 3X 10‘ ions per cm of path in water, 
and 30 e-volts energy is lost on the average at each ionization. Hence the ini- 
tial energy of the fastest of this fraction of the particles must be 303X104 
< 250 or 2X 108 e-volts. Were this the case a large magnetic effect would have 
heen observed, since electrons of this energy or less would have been com- 
pletely removed from the beam. A calculation based on these assumptions 
indicates that in order to account for the present result the loss of energy per 
cm of path must be of the order of 100 times greater than the above, and the 
initial energies correspondingly 100 times higher. This means that these elec- 
trons would have to produce at least 10,000 ions per cm of path. Though on 
latest theoretical ideas'* the ionization along the path is found to increase as 
the energy of the electron becomes high, direct experimental evidence from 
the work of Skobelzyn" and of Mott-Smith and Locher" seems to show that 
the ionization due to cosmic corpuscles is only of the order of 30 ion pairs per 
cm of path. It follows that if the particles are electrons they must be removed 
from the beam in a manner analogous to that occurring in the case of pho- 
tons. That is, the electrons must be removed not by a gradual loss of energy 
but by a single or at the most a few encounters entailing a large loss of energy. 
Attempts to find a possible process of this sort for electrons have so far failed. 
In fact it seems impossible to get rid of the enormous quantity of energy by 
any sort of mechanism. Disregarding possible theoretical difficulties, the most 
favorable assumption which it seems possible to make is that the electron, on 
having a sufficiently close encounter with a nucleus, enters it and remains at- 
tached, the greater part of its energy going into internal nuclear energy in the 
process. However, since momentum must be conserved the nucleus recoils 
with considerable velocity. Consideration of this process indicates that it 
would satisfy the requirements of the present experiment and not be in ob- 
vious contradiction with other experimental facts, though perhaps difficult 
to account for theoretically. (For example, the fraction of atoms altered by 
the capture of cosmic electrons is negligibly small during a period of, say, 10° 
years). However, a consequence of these ideas is that the bulk of the ioniza- 
tion due to cosmic radiation must be directly due to the recoil nuclei. Further- 
more, the passage of such a nucleus through an electroscope will be relatively 
infrequent, so that it is required that the ionization should be observed to oc- 


4 J. F. Carlson and J. R. Oppenheimer, Phys. Rev. 38, 1787 (1931). 
© See reference 8. 
1 L. M. Mott-Smith and G. L. Locher, Phys. Rev. 38, 1399 (1931). 
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cur in relatively large and observable spurts. This effect apparently has not 
been observed by any of the electroscope workers though it seeems that had 
it been present it could not have escaped notice. In addition a special test for 
this effect has been made here, by using a high pressure ionization chamber 
and short period electrometer, with negative result, so that this possibility 
has to be abandoned. 

Accordingly it seems difficult to believe that the corpuscles responsible 
for the coincidences are electrons or protons unless the effective magnetic 
field in the iron is of a different order of magnitude than the value of the in- 
duction. And if this is the case, it means very drastic changes will be needed 
in theories of magnetization. It would be very desirable to test this possibility 
by repeating this experiment with an ordinary “air” magnetic field. However, 
very powerful electromagnetic equipment would be required to obtain the 
necessary sensitivity. (On account of the observed penetrating power, these 
particles must have energies of at least 10 e-volts.) 

If the coincidences were caused by the passage of a photon through the 
counters, the present results are at once explained. However, on both theoret- 
ical grounds and by direct experimental evidence this possibility seems to be 
excluded. On the theoretical side it has been shown by Bothe and Kolhérster 
that photons cannot produce the coincidence effects. On the experimental 
side it has recently been shown by Mott-Smith and Locher" that the cor- 
puscle which causes the coincidence makes an ion-track in the cloud-cham- 
ber, a fact which seems definitely to exclude the possibility that the corpuscle 
is a photon. 

Another possible explanation is one which has been recently advanced by 
Pauli!’, and by Carlson and Oppenheimer", that these cosmic corpuscles are 
neutrons. In this case attempts to deviate them magnetically are necessarily 
futile. Evidence in favor of neutrons comes also from the calculations of Carl- 
son and Oppenheimer on the relative ionizing power of electrons and neu- 
trons. They find that while the ionization (number of ions per cm of path) by 
electrons of energies required to account for cosmic ray phenomena should be 
somewhat higher than that observed in cloud tracks of these particles by 
Mott-Smith and Locher, that of neutrons may be of the right order of magni- 
tude. Though this possibility is in many ways attractive, it seems that evi- 
dence of a more direct nature will have to be found for the existence of neu- 
trons before it can seriously be concluded that the cosmic-ray phenomena are 
due to them. 


17 W. Pauli, Presented in a speech at the meeting of the A.A.A.S., June 16, 1931. 
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ABSTRACT 


There occur many line series in atomic spectra which do not even approximately fit 
a Ritz formula. They display either a sudden rise in the value of n* —n towards high 
term values or a gradual fall of almost a unit. The latter type contains an extra term 
due to some other structure and becomes similar to the first type after the removal of 
that term. It is shown that all such series obey approximately a series formula of type 
vn =R/n*, n* = p+ av, +(B8/vn —vo) in which vp is the wave number of some level of the 
same type from a different electron structure. The series in the spectra CaI, Ba I, Hg I, 
Cu I, Al II are discussed in detail. The rules governing the occurrence of a perturbation 
are more restricted than the simple ones that can be deduced from the results in other 
perturbation problems. The constant 8 is always negative and the trems therefore 
appear to repel each other. The Ba I levels 5d6p **!P*D°F* and the series 6snf'F* are 
given for the first time. 


N A letter to the Editor of the Physical Review! R.M. Langer has de- 

scribed a generalized form of the Rydberg-Ritz series formula, deduced 
from the perturbation theory of the wave mechanics. In the case of atoms 
containing more than one optical electron, the series formula is given by 


R 


pee} 


Vi 





in which v is the term value expressed in wave numbers. Normally this form 
reduces to a Ritz formula 


R 
~ (n+p + ay)? 


Cases arise, however, where the atom has states of nearly equivalent en- 
ergies arising from different electron configurations, and the mutual pertur- 
bations must then be considered. Langer does not state the conditions neces- 
sary for the perturbations to occur, but one can deduce them with some de- 
gree of certainty from the results of similar calculations, for predissociation, 
auto-ionization, and band spectrum perturbations. 

Perturbations will occur, in general, between terms having the same J- 
value and parity. In the special case of Russell-Saunders coupling, one must 
also add that they must have the same L and S values. Actually, this more 
restricted case is the one most frequently met with. 

The object of this paper is to show how Langer’s formula explains the 





Vn 


1 R. M. Langer, Phys. Rev. 35, 649 (1930). 
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anomalies which exist in a great many well-known series. It is found that the 
formula is inadequate to cover all the details, but its success is much beyond 
the expectations for a first approximation formula. 

The type of perturbation most frequently met with occurs when a single 
term from some more complicated structure falls among the terms of a simple 
series. In that case, there is superimposed on the ordinary Ritz form, a quan- 
tity such as one meets in the formulae of anomalous dispersion, and we have 

R R 
——  epiainaiamnia Sa aia 
n*? tn +utav, + (8/y, — vo) }? 
in which v is the value of the foreign level. 

The exhibition of term sequences is best accomplished by plotting n*—1n 
against v,. The Rydberg formula is then represented by a straight line paral- 
lel to the v axis, and the Ritz formula by a straight line of slope a and inter- 
cept wu. In fact, the best way to find the correct limit of an unperturbed series 
is to find the condition under which the plot is, as nearly as possible, a straight 
line. 

The sensitivity of this method is very great if the lines involving the high 
series members are accurately measured. It should be remembered that the 
values of a set of terms are fixed by the lines, except for an additive constant. 
If we differentiate n* with respect to v,, we obtain dn*/dv, = —43(R)"?/v,3/, so 
that a constant change in the values of all the terms effects the n*’s of the 
high terms very much more than those of the low terms. For instance, a 
change of 1 unit in the values of the terms changes n* by 0.005 for a term at 
1000 and by only 0.000005 for a term at 100,000. Practically, that means 
that, if a wrong limit is assumed, the end of the plot of n*—» against vr, will 
show a deviation from a straight line of increasing amount as we proceed to 
smaller term values. If the series is strictly Ritzian, it is possible to make that 
last portion perfectly straight. In practice, one finds always that the high 
series members are known with insufficient accuracy, and the best one can do 
is to use the highest members which are based on accurate measurements. A 
case in point is the long *S series of Hg I in which no manipulation of the limit 
can even approximately straighten out the series tail. A series of three terms 
can, of course, always be fitted to a Ritz formula. In this case also the easiest 
method is trial and error to make the following relation true, 

vy — vo (my* — ny) — (nQ* — ng) 


nov (n® =~ @) — (a* — 0) 





This follows directly from the formula 
n™=n+yu+apn,. 


If the method of plotting which has been described is used for a series 
which obeys strictly Langer’s formula, the curve obtained is a hyperbola hav- 
ing asymptotes y=) and n*—n=yu+ar,. Such a curve is readily recogniz- 
able, and is very commonly found. The constants of the formula may be 
found very easily by the following method. 
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We first plot (n*—n) (va—v) =B +m’ (¥n—v0) +a’ (¥n—)*. B is then found 
from the point where the parabola crosses the line v=. Finally, we plot for 
each term the quantity (n*—n)—8/v,—vy=u+ayv, and the remaining con- 
stants, uw and a are the intercept and slope of the straight line which repre- 
sents the plotted points most nearly. In most cases the series fit into such a 
formula with reasonable accuracy; the greatest deviations being usually near 
the perturbation and in the first term of the series. The latter lack of agree- 
ment is quite usual in unperturbed series also. 

In the quantum mechanics the existence of a perturbation implies at least 
a partial mutual sharing of identities by the terms involved. Such sharing 
may even become so great that it is impossible to tell which is the perturbing 
term. The perturbing term may show very nearly the same combining quali- 
ties as the series term, and be absorbed into the series as an extra member. 
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Fig. 1. Plot of 3S and *F° series of Ca I. 


Many such cases can be found in the literature of spectra. The resulting plot 
of n*—n shows at some point in the series a rather rapid fall of almost a unit. 
The perturbing term must lie somewhere in the middle of the drop, and its 
removal displaces vertically upwards the whole curve below its position by a 
unit, producing the usual hyperbola. This phenomenon occurs in the °F series 
of Ai II, which Schroedinger® endeavoured to explain by assigning two terms 
to the same total quantum number. 

There is a surprising number of well-known spectra which contain per- 
turbed series, and some spectra in which almost every series is more or less in- 
fluenced by a foreign term. The following spectra will be considered in some 
detail; Ca I, Ba I, Hg I, Al II, Cu I. 


Ca I 


Before dealing with the perturbed series it is necessary to find as accurate 
as possible a limit for the whole term system. This must be obtained in Ca I 


* Schroedinger, Ann. d. Physik 77, 43 (1925). 
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from the 4S and *F° series. The ends of both series deviate considerably from 
a straight line, but the chief portions are certainly most consistent if we re- 
tain the limit used by Fowler.* The plot of these two series is shown in Fig. 1. 

The *D sequence is the familiar series in which the intervals at first de- 
crease, then increase to a maximum, and finally fall off to unobservable quan- 
tities. The plot of n*—n shows the characteristic rapid fall of almost a unit, 
with the term of maximum interval in the middle of the fall. The removal of 
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Fig. 2. §D, of Ca I. Abscissae =»,. Ordinates: Curve 1 n*—n as the series is usually given. 
Curve 1(a) n* —n after removal of perturbing level. Curve 2 (n*—n) (v, —vo) (No scale shown). 
Curve 3 (n*—n)—(B8/v,—v0). (Scale 5 times scale for curve 1.) 


that term from the series leaves the typical hyperbolic curve. It remains to 
identify the origin of the surplus term and to calculate the series formula. The 
identity is not difficult to discover, since the term must be of even *D nature 
It is in the correct position for a structure of very probable occurrence, 
3d5s*D. The assumption of such an origin makes the energy differences 3d5s 
—3d4d and 4s5s—4s4d almost exactly equal, as they should be. Additional 
evidence is given by the following consideration. The two terms 3d4s*D and 
3d5s*D can be considered as successive terms of a series whose limit is 3d2D of 


* Fowler, Report on Series in Line Spectra (1922). 
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Ca II. On that basis, the two terms have Rydberg denominators of 1.604 and 
2.640, which are very reasonable values. The third term of the series should 
be at about —5500, but should not be found because of the effect of auto- 
ionization.* 
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The complete calculations and curves for the *D, series are given below. 
For the remaining series there are given only the series formula, the origin of 


‘ A. G. Shenstone, Phys. Rev. 38, 873 (1931). 
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the perturbing term, and the differences between observed and calculated 
term values. 

Fig. 2, curve 1 shows the plot of n*—1n against v,, as the series is given in 
Fowler; and curve la after removal of the perturbing term and the consequent 
addition of a unit to the ordinates of the higher series members. Curve 2 ex- 
hibits the values of (n*—n)(v,—vo) plotted against v,, from which the value of 
8 is found at approximately —85, where the curve crosses the abscissa vp. 
Curve 3 is the plot of the remainders on a 5 times greater scale after the sub- 
traction of 8/v,— vo from n*—n. This should be a straight line, but shows the 
same type of deviation in the higher terms as was evident in the supposedly 
unperturbed *S and °F series. In addition, one point next to the perturbation 
shows a rather large deviation. In Table I are shown the various steps in the 
calculation, and the differences between the observed and calculated terms. 

Fig. 3 shows the effect of the perturbation. The energy levels as they are 
observed and approximately as they would be without the perturbation are 
shown beside each other to illustrate the magnitude of the effect. 

It will be noticed that the constants of the perturbations in the three 
component series are of about the same magnitude, and that the perturbing 
term has wider intervals than would normally appear at that position in the 
series. These two facts explain the anomalous opening out of the intervals in 
the series terms near the perturbation. The reason for this can best be under- 
stood by considering an hypothetical much exaggerated case. (Fig. 4). 

The perturbation has the effect of a repulsion proportional to the near- 
ness of the perturbed and perturbing levels. The diagram makes it evident 
that the repulsive effect of the components of p°D on 2°D will be greatest for 
the level of J =3 and least for J =1. In other words the displacement of J =3 
will be greater than the displacement of J =2 and J =1, with the result that 
2°D in its perturbed state will have larger intervals than normal. The same 
considerations applied to the interaction of p*D and 18D show that 1°D also 
will have its intervals increased. If p°D were an inverted term, we would ex- 
pect the intervals of 15D and 2°D to be decreased or even inverted. The ?P 
series of Cu I is of that type. 


1D series. 


This series has apparently two perturbations. One is, undoubtedly, due to 
the level 4p? 'D at 8585 and the other to a possible level at 1492 which may be 
either 3d? 'D or 3d5s'D. The number of members available and the very ir- 
regular behaviour makes a calculation unwarranted. 


7. 
There are only three members known in the *P,° and *P,° series, and four 
in the *P2°. The series are perturbed by the known 3d4p*P° term. The formula 
has been fitted to the first three members of the *P2° series and gives an error 
of eight units for the fourth member. The constants are as follows: 
pw = — 1.9489 
a= — 7.48 X 107° 
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o = =_— 62.9 
vy = 9964 = 3d4p > P," 
nm 4. 5 etc. 


7, 

This series and the equivalent one in Sr I do not vield to the usual 
methods. There can be no doubt from the evidence of intensities and posi- 
tion that the level 12573 is foreign to the series and originates principally in 
the structure 3d4p. The use of that level as v») requires a value of 8 = —4500 
and the terms deviate from the formula by very large amounts. If we judge 
entirely from the plot of n*—x, the level at 5372 can be logically removed 
from the series. The constants of the series are then of reasonable magnitudes 
and the residuals are quite small. Another possibility is that the second 
member of the series is actually missing. The formula then requires very 
large values of a and g. The theoretical elucidation of this series would seem 
to be of considerable importance. 
tS. 

This series is perturbed by p* |S at 8614. The agreement is very poor near 
the perturbation. The constants are as follows. 


w= — 2.3495 
a= — 1.066 &* 10-° 


vy = SO14 = p's 
Res. = ~ + 6191, 0, (mo), — 245, + 2,0, — 1, — 1, — 1,0. 
n= 4, 5 etc. 
1 F°. 
The 'F° series is peculiar in being perturbed by a term 3d4+p'F° at 8767 
which is lower than the first series member. The formula gives a very good 
agreement with all eight numbers. 


u = — 0.0955 
a = 2.99 X 10 


vy = 8767 = 3d4p'F" 
Res. = — 2, — 1, + 2, + 2, + 2,41, +1, -1. 


n = 4, 5 etc. 


Ba I 


The series of Ba I are so irregular that it is impossible to calculate a limit 
with any certainty; but, from a survey of all the series, it is considered that 
an improvement can be made by increasing all of the term values given in 
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Fowler's tables by 3 units. The chief perturbed series is the 6snf*F° series 
(Fig. 5). The perturbation arises from a *F° term, which is part of a triad 
a&1 Pp? D°, F° recently discovered by one of us (H. N. R.) and probably arising 
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Fig. 5. Plot of *F and 'F series of Ba I. 


from 5d7p. The multiplets are given below in Table II. It will be noticed that 
two levels, 5039.5 and 3529.9, were previously assigned to the 6sup'P® series, 
The 6snf'F° series has also been replaced (H. N. R.) by an entirely new set of 
terms, which are now found to show a perturbation exactly where expected. 


TABLE II. New multiplets in Ba I. The term values are all measured from s*'S». To obtain value 
used in this paper, subtract from 42031.4. 








6s* LS, 6s5d°D 3D» iD, 'Ds 
0.00 9596 .39 9215.33 9033 .87 11395 .36 
40 II] 
5d7 p® Fo 37131 .91 27535 .52 
(4) 15 111 (2u) 
3F 3° 36511 .22 27295 .84 25115 .90 
(2) (iu) 211] 
3F.° 36235 ..13 27019 .81 27201.18 
30 III 15 111 
3D).° 37540 .02 27943 .63 28324.72 
2 Ill 3 111 10 II! 
85D.° 37063 .18 27466 .88 27847 .62 28029 .46 
(4) 3 1V (1u) 3 Ill (3) 10 111 (1) 211] 
5P),° 36495 .65 36495 .66 27280 .38 27461 .78 25100 .20 
15 n Ill 10 ITI (2u) 15 11] 
3P.° 37282 .08 27685 .62 28066 .59 25886 .64 
(6r) 8 IV 15 Ill 10 III (2u) 2111 
3P,° 36989 .86 36989 .82 27774.54 27955 .97 25594 .55 
10 Ill 


3P,° 36908 . 21 


(lu) 
1F;° 37739 .96 28142 .77 ? 
10 III 
1D.° 37077 .44 27861 .99 
| (6r)8nI1V 3n Ill 


> 38499 . 32 


38499 . 24 


29284 . 20 





27874 .37 


(Su) 15 III 
26344 .60 
(2u) 20 111 
25682 .17 
(3r) 20 NII 
27103 .80 
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The details of the *F° and 'F° series are given below. The 'F° series is 
given in full, since it has not previously been published. 


TABLE III. Constants for *F° and 'F° series of Ba I. 


—— — - = ————————— =~ ————————————————————— 


Ba 
Osnf iF, 

u= —0.1980 
a=8.33X107% 
p= —33 
n=4,5 
vp = 4900 .5 =S5d7 p' Fs 

Daa, tnd, —85, =8,0 <3, = -~2 ~8, ~2,6 6 41 


Osnf' Fs 
w= —0.1956 
a=8.016X107° 


B= —32.3 


vy = 5521.2 =5d7 pF 


. =, fo 
Res.=0, (vo), 0, 0, +2, 0, +1, —2, —1, 0, 0 


6snfe F2 
p= —0.1934 
a=7.23X10-6 
B=-—28 
n=4,5 


vo =5797.3 =Sd7 pF 
Res. =0, (v0), 0, 0, +3, +2, +9, 0, —2 


Osnf' Fs 
p= —0.1497 
a=5.25 107% 
B=-31.5 
n=4,5 
vp =4292.4=5d7p'F; 
Res.=0, 0, (vv), —9, +7, +5 




















TABLE IV. 5'D—n'F® series of Ba I. 5'\D =30637.1. 








nN I Auth. v n iF 
4283.11 4011 Kk 23340 .9 (4) 7296.2 
3861 .905 SII kK 25886.6 (5) 4750.5 
3636 .832 40111 K 27488 .7 (6) 3148.4 
3531.345 40111 kK 28309 .8 (7) 2327.3 
3463 .741 40111 kK 28862 .3 (8) 1774.8 
N (9) 1418.3 


3921.476 30111 K 29217. 








E & H =Exner and Haschek. K = King. 


The F° series are all, undoubtedly, perturbed by the levels given above, 
but they also show a second possible small disturbance at about v= 1000. At 
that position there would be expected the terms arising from the structure 
5d4f. 
1po0. 

The 'P° series of Ba I is given quite incorrectly in Paschen-Gétze and in 


Fowler. One of us (H. N. R.) has recently rearranged the terms of this 
spectrum and has fixed the following as the 'P° series. 


mp'P® = 23972, 9485, 6140, 4257, 2724, 2047, 1609 m = 6, 7 etc. 
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The series has two perturbations by known terms, 5d6p'P° at 13478 and 
5d7p'P® at 3532, but a formula containing two 6’s can be fitted to it with 
reasonable accuracy. The constants are as follows: 


pw = — 3.9192 

a = 4.635 & 10° 

B, = — 1179 

Be == 110 
Vor = 13478 
Yoo = 3532 

n = 6, 7 etc. 

Residuals = — 1380, (voi), 0, 0, 0, (v2), — 6, — 30, — 5. 


He I 


The mercury spectrum contains long series but none of them is capable 
of giving an accurate limit. The *S series is known to the sixteenth member, 


Lok 

















70000 20 30 40 30 
Fig. 6. *P® and 'P® series of Hg I. The second member of *P;° may be chosen either way, as 
indicated in the plot. 


but a plot of n*— shows a very rapid rise towards the end of the series. The 
same is true of *D. If we accept the usual limit and calculate a Ritz formula 
for *S the residuals are:— 

0,0, +0.5,0, —0.5, —1.1, —1.7, —0.9, —1.9, —3.5, —3.4, —4.2, —4.3, —3.3. 
If we change the limit by +1.5, the agreement is slightly better, except that 
now the first member is quite far from the calculated position. The residuals 
are :— 

24,0, 0.2,0,0, —0.2, —0.6, —0.4, —1.1, —2.2, —1.9, —2.8, —2.9, —1.7. 
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For the purpose of the following calculations of the perturbed series, the 
original limit has been retained, but errors of the magnitude of those above 
are to be expected. The details of the *P° series have been taken from a re- 
cent paper by Paschen.* 

The plots of the component *'P® series (Fig. 6) indicate that the *P,° is 
unperturbed; that *P,° has a small perturbation between the third and fourth 
members; and that *P.° has a large perturbation near the beginning of the 
series. The origin of the disturbance of the *P.° series has been discussed else- 
where.® It is attributed to the presence of 5d°6s*6p*P2°, and it has been shown 
that either the old second member 12974, or the new level 15295, could be at- 
tributed to that structure, as far as energy is concerned. It is also true that 
either one may be taken as a series member and the other as the perturbing 
level. Both cases have been calculated and can be represented about equally 
well by a formula. The constant of the perturbation is rather large when the 
old second member is retained, and we are inclined to believe, therefore, that 
the other choice is the better. The formulae for both cases are given below. 
No attempt has been made to include the very low first member. 


Hel®P." (a). vy = 15295 
p= — 4.0993 
a = — 1.152 X 10~-° 
B= — 365 
n= 6.7 etc. 


Res. = 0, (v), 0, 0, 0, + 4, + 5, + 6, + 2. 


(b). vo = 12974 
u = — 4.0842 
a = — 1.129 XK 10-5 
8 = — 150 
Res. = 0, 0, (vo), 0, + 2, + 5, + 6, + 7, + 4. 


In the paper referred to above, it was stated that a possible perturbing 
term for the series *P,° is 7273, calculated from two combinations. That 
level is, of course, of doubtful reality, but its use does give a very reasonable 
fit. We are inclined, now, to believe that the perturbation is actually caused 
by the same level which perturbs the 'P,° series. Such an assignment is pos- 
sible because of the fact that the coupling is very far from Russell-Saunders 
type in Hg I. The perturbation of the *P,° series is a very small one, as might 
be expected in such a case. 


HgI*P," (a). v9 = 7273? = d®s*p3P,"? 
p= — 4.1900 


’ Paschen, Ann. d. Physik 6, 47 (1930). 
® Shenstone, Phys. Rev. 38, 873 (1931). 
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a = — 4.15 x 10-6 
B= —-—3 
“ . 
n= 6,7 etc. 
Res. = + 2, — 1(vo), — 10, — 1, + 1,0, 0, + 1. 
(b) vo = 5368 = d*s*p'P,° 
w= — 4.1925 
a = — +.02 X 10~-° 
B= -—6 
Res. = — 8, + 8, (m), + 2, — 1, 0, 0, 0, 0. 


If we are correct in choosing the 'P,° as the term perturbing the *P,° series, 
it must be assigned to the structure d*s*p. In that case, the corresponding 
§P,° must be considerably higher. This is the reverse of what would be ex- 
pected from analogy with similar structures, e.g., d°sp, d*p. The ‘Py series is 
interesting because its perturbation also explains the anomalous opening out 
of the isotope displacements observed by Schiiler and Keyston.’ The plot of 
n*—n (Fig. 6) makes it evident that the term 5368 is the logical one to re- 
move. The formula gives a very good agreement except for the low first 
member and the first one above the perturbation. 


vy = 5368 
w= — 4.0425 
a = — 1.587 X 10-6 
B= — 145.5 


Res. = ~ — 141, 0, 0, (vm), — 33, — 5,0, +1, — 1, — 2. 


The observations of isotopic displacements indicate that they are greatest 
for terms arising from complicated structures. In Hg I, Schiller and Keyston 
observe an isotopic shift in the 'S series, decreasing for higher members. 

In the 'P° series they observe zero displacement for the lowest level, a 
large displacement for the level 5318 and a smaller one for 4217. Unfortu- 
nately their observations cannot include the second and third levels, 12886.2 
and 7318. The second of these is given in the paper by Paschen quoted above. 
The level 5318 which shows the large displacement is the one now assigned 
to the complicated structure d*s*p. Its effect as a perturbing term must na- 
turally be treated separately for each isotope, with the result that the series 
members will show isotopic displacements depending on their nearness to the 
perturbing term. The case is analogous to the opening out of the intervals in 
the *D series of Ca I. The presence of two 6s electrons seems to be requisite 
for a large isotopic displacement. 


Al Il 
The spark spectrum of aluminium has been beautifully analysed by Saw- 
yer and Paschen.* It is a two electron spectrum like calcium, and long series 


7 Schiller and Keyston, Zeits. f. Physik 72, 423 (1931). 
8 Sawyer and Paschen, Ann. d. Physik 84, 1 (1927). 
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of type 3snx have been recognised. In addition a number of terms have been 
found which originate in other structures. In particular, the 3p? *P has been 
found and a *P° contbining with it. The latter term is incorrectly attributed 
to 3p3d. Its position and intervals both indicate the origin 3/p4s. 

In Fig. 7 are given the usual plots of all the series of Al II. By using a 
different scale for each series, the series have all been reduced to an arbitrary 
length of 100 to make their peculiarities more easily comparable. It is ob- 
vious that the °G series is accurately Ritzian, and that °S'S*D!F° and possibly 
3P° are nearly so. The series *F°!D'P° are very far from being Ritzian, and all 
exhibit the rapid fall in n*—n towards small term values, which is character- 
istic of perturbed series into which the perturbing term has been absorbed. 

Let us consider the possible foreign terms. They are 3p4s°P™'P°; 3p? 1S, 
'D; 3p3d°P°, *F°, 'P°, F°. Of these, the only one certainly known is 3P4s*P°, 





























5) 
aa 
“9 


Fig. 7. Series of Al II. The horizontal scale is different for each series in order to reduce 
them to equal lengths for purposes of comparison. The ordinates of the 'D series have been 
reduced by 0.5. 


but the positions of the others can be reasonably estimated. From the known 
Pp? *P, and by analogy with other spectra, we can place s? 'D at about 50,000 
to 56,000. The 'D series contains terms at 66,381 and 41,773, one of which 
should be p? ‘D. In this connection it should be remembered that the perturb- 
ing term is also itself displaced. For that reason we believe that the level 
66381 is p? 'D, its position being so low because of the repulsion of all of the 
series terms. The displacement corresponds to a change of about 0.1 in the 
Rydberg denominator with respect to its own limit. The p? 4S is either inef- 
fective in producing a perturbation or it lies above the series limit. 

The *P,° series is given as certain to the fifth member only, and is rather 
irregular even there. It is probably perturbed by the known 3p4s*P,° at 5903 
and also by 3d3p*P°, the position of which will be discussed below. The !P° 
has a disturbance between 5000 and 3000 and probably also above 2000. The 
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perturbations can be assigned to 3p4s'P° and 3d3p'P° both unidentified. The 
remaining irregular series is *F°. The perturbing term is almost certainly the 
one at 10700. Its separations are large and its position is correct for the term 
3d3p*F°. In that case 3d3p*P° should not be far away. At 41910 in Sawyer 
and Paschen’s list we find three lines with approximately the separations of 
p? *P. If we assume that they are the transition p* *P — pd*P°, and that the 
multiplet has the theoretical intensities, we obtain the approximate values 


3p3d3P2" 5262.8 
3P) 5267.7 
3P,.9 5266.8 


The combination 4°S— pd°P° would then fall about y= 55326 and there 
is an unidentified broad line at y= 55328. (A1807.40). No other combinations 
are found, but we believe that the evidence is conclusive for the reality of 
that term. The 3su/f'F° series shows a falling off of n*—n towards the end of 
the series which may indicate the presence of 3p3d'F° near the limit. As was 
remarked above, the 'P° series indicates a second perturbation above 2000 
which is an indication that 33d'P is also near the series limit. The remaining 
unidentified terms of this structure, 33d°D° and 'D°, cannot perturb the or- 
dinary D-series since the parities are opposite. 

The calculations for the various perturbed series of Al II are as follows: 


'D Series 


vy = 66381 = p? DD? 


n= — 0.3603 
a = 2.096 X 107 
B = — 1300 


n = 3,4 etc. 


Vn 
Residuals (“) 
4 


(vo), + 55, 0, 0, — 1, 0, 0, 0, 0, 0. 


The only large deviation is at the usual point, i.e., in the term nearest to 
the perturbation. 
tp,°. 

As was remarked above, this series is perturbed by 3p4s'P° and probably, 
above the known terms, by 3p3d'P. But the series has so completely ab- 
sorbed the 3p4s'P° term that it is impossible, and indeed meaningless, to re- 
move any one level from the series and assign it to that structure. The added 
complication of the probable higher unknown perturbing level makes a series 
calculation useless. As could be foreseen in such a case, no reasonable fit can 
be obtained, even though the assignment of any one of a number of terms as 
3p4s'P gives a curve resembling closely the usual hyperbola. 
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sf. 

In this series also, the perturbing term is rather intimately absorbed into 
the series, but it is possible to obtain a formula which gives a very reasonable 
agreement. The details are as follows. (Table V). 


TABLE V. Constants of *F° series of Al II. 


vy = 10720 =3d3p' FY 
u= —0.0579 
a= +0.575 X10-% 
B= —530 
n=4,5,6 
Res.(v,/4) =0, +4, 0, (vo), +20, +1, —1, +1, —3,0,0, +4, +2, +1,0 


vo= 10753 
n= —0.06036 
a=0.754 107° 


4,5,6 
Res.(v,,/4) =0, 0,0, (vy), +21, +1, —1, —1, —2. 


3F.° 
vy =10778 
p= —0.0613 
a=0.701 10-6 
3= —550 
n=4,5,6 
Res.(»,/4) =0,0,0, (vv), +25, +4,0, —1,0. 





Cu I 

The arc spectrum of copper contains probably the most distorted series 
known, the p*P® series. The lowest member of that series produces the re- 
sonance lines in combination with 4s*S, and a single second member at 12933 
with J =13 has also been recognised for a long time. The higher members of 
the series were only definitely settled when the spectrum had been so 
thoroughly analysed, that everything was accounted for except this series.® 
The evidence is now conclusive that the level at 12933 is, in reality, double 
and inverted, with a separation of about 0.4 wave numbers. The proof came 
from the accurate measurement of the m?D—5*P° combination lines by 
Burns’? and the observation that the Zeeman effect of \2024 1°S—5°P° isa 
Paschen-Back effect. The character of the higher members is fixed by Sel- 
wyn’s'! observation of the 1°S—n°P°® combinations in the Schumann region; 
and, in some cases, by Zeeman effects observed by one of us (A.G.S.) Fig. 
8 is the plot of the »*—» against v,. The J=1} component is evidently 
strongly perturbed between the third and fourth members and the J =} be- 
tween the fourth and fifth. In just those positions 5973 and 3952 there are 
the two components of a wide *P® arising from 3d°4s4p. The higher series 





® Shenstone, Phys. Rev. 34, 1623 (1929). 
10 Burns, Allegheny Obs. Publications VIII 3. 
1 Selwyn, Proc. Phys. Soc. London 41, 392 (1929), 
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members are not known with sufficient accuracy or in sufficient number to 
warrant an accurate calculation of Langer’s formula, but a rough calculation 
gives an approximate fit with the constants for the two series about — 100 and 
— 200. There should be also a perturbation due to another ?P° from the same 
structure, but its effect is evidently much smaller. One would also expect a 
large perturbation in the nf?F° series. There are only two members of that 
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Fig. 8. *P°® series of Cu I. 


series certainly known but they are just in the position to make the perturba- 
tion evident, if it existed. The lower of the two levels does show a small inver- 
sion but otherwise both members are practically Rydbergian. The exact re- 
verse of this phenomenon is shown in the spectra Zn II and Cd II" which are 
equivalent in structure to Cu I. The ?P° series are quite regular, but the *F° 
series exhibit perturbations. From the positions of the irregularities it can be 
predicted with reasonable certainty that there should be found the following 
terms in those two spectra. 


Zn Il 
3d%4s4p Fy: ~ 13500 


S *¢ _ 
Fs, ~ 10500 
Cd Il 
2 0 
4d°5s5p F3; ~ 8500 
"Fs; ~ 3000 
There are without doubt many other known series where the methods 
used in this paper will reveal the presence of perturbations. For instance, the 
*D of Al I certainly contains an extra term whose origin can be safely as- 
cribed to the structure 3s3p*. The Mg I 'D series includes p? 'D at 2631.6." 
? Takahashi, Ann. d. Physik 3, 27 (1929). 
13 Sawyer, J.0.S.A. 13, 431 (1926). 
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The Sr I 'P° series is exactly analogous to Ca I !P°. The second member, 
11838.7, gives an anomalously weak line in combination with 'S, but the 
curve for the series indicates that the level at 3474.7 is causing the perturba- 
tion. The 4S of Sr I is perturbed by p? 1S at 8765.2. The *D of Sr I indicates 
the presence beyond the known terms of 4d6s*D, which can, from energy con- 
siderations, be placed in the neighborhood of 800. 

While this paper was in preparation there appeared an analysis of the 
spectrum C III by Edlen.“ The series contain several good examples of the 
type of disturbance described in this paper. It will be noticed that 2p3p'°S 
perturbs the ordinary *S series; 263p°D perturbs the *D series and produces 
the very wide separations in the second member; 23d°F° perturbs the *F° 
series. Other disturbances might be expected but are not found, e.g., the *P° 
series by 2p3s°P°. 

It is probable that, in the spectra Ga II" and In II"*, which are similar to 
Al II, the p? 'D is the level assigned as the first member of the ordinary 'D 
series. 

The spectrum of lead" is interesting because the perturbations are be- 
tween terms of similar electron structure. In it we have series of terms based 
on the *P, limit perturbed by terms based on the ?P), limit. Very few of the 
latter terms have been found and the presence of the perturbations may easily 
lead to new identifications. A similar type of perturbation is probably the 
cause of irregularities in Ne I, A I, etc. 

In the following table (Table VI) there are collected the constants for all 
the series which have been considered in any detail. In comparing the values 
of the constants a and 8, it should be noticed that in Al II, the values of a 
must be multiplied by 4 and 8 divided by 4 to make them comparable with 
arc spectrum values. 

A review of the data of Table VI discloses the fact that the constant 8 is 
always negative. This is the same as saying that the foreign level attempts, by 
repulsion of neighboring terms, to make a place for itself in the series. The 
effect is strikingly shown in Fig. 3. In value, 8 ranges from —3 to —1200 but 
in most cases is in the range from —25 to —150 wave numbers. 

The theoretical problem presented by the failure of perturbations to oc- 
cur is perhaps more important than the fact that many do occur. Some cases 
have been noted in the discussion of particular spectra but many more can 
certainly be found. The problem is being investigated in this laboratory from 
both the theoretical and the experimental sides. 

It is evident from the data given that there are two places in a perturbed 
series which show poor agreement with the simple formula. The first disagree- 
ment is in the lowest term of the series. This is quite common in unperturbed 
series and will be discussed below. The second disagreement is in the terms 
next to the perturbing term. It might be assumed that this deviation could 


4 Edlen, Zeits. f. Physik 72, 559 (1931). 

16 Sawyer and Lang, Phys. Rev. 34, 712 (1929). 

16 Lang and Sawyer, Zeits. f. Physik 71, 453 (1931). 

17 Giessler and Grotrian, Zeits. f. Physik 39, 377 (1926). 
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be removed by the consideration of an expression of type y /(v,—v0)*. Such 
can not be the case, however, because the deviation is never symmetrical and 
the large error frequently occurs for the term which is the further from the 
perturbation. The plot of the parabola (7*—n) (vy, —vo) against v,, usually 
tells unambiguously which level it will be impossible to fit on the curve. In 
other words, it is not merely a question of fitting the formula to one or the 
other term by a change in the constants. It is really impossible to fit any for- 
mula of Langer’s type without modification to give agreement at the points 
which, in the calculated series, show the large deviations. 

As regards the large deviations from the Ritz formula shown by the first 
members of both regular and irregular series, it should be remarked that there 
is a very great distinction between one and two electron spectra. If one plots 
the curves for Na, Ik, Rb, Cs, °S, and ?P® series, the lack of linearity is very 
small indeed. The reverse is the case for the \S and *P° series of Mg, Zn, Cd, 
Hg. The lowest terms are normally thousands of wave numbers below the 
position indicated by a linear extrapolation. The comparison is roughly as 
follows: 

*P" Na, K, Rb, Cs = 0,0 ~ 40 ~ 90 

AY ” =. = 6 0000 

°P° Mg ZnCd Hg ~ 0 2300, 2200, 3500 

1s . - 6800, 9300, 8700, 9500. 


( 


The series of Ca, Sr. Ba are too perturbed to be of value in this compari- 
son. It is also perhaps unfair to use the 'S series at all, because the lowest 
member is due to a closed group s*. The P series however show very clearly 
that the tendency of series is quite different in the one and two electron spec- 
tra. 

Langer remarks that his result 


Pin 
n> =u+ >- —- 
Vn —v 


is obtained from a consideration of the perturbation theory for more than one 
electron. If we accept the experimental result from perturbed series that the 
pi, are always of such a sign as to cause repulsion, the lowest term of a series 
in a two-electron system experiences repulsions from all the higher members 
with no compensating repulsions from lower terms. One would then expect to 
find it moved toward lower term values, i.e., smaller values of ”*. This is in 
agreement with observation. 

The numerical computations in this paper were greatly facilitated by a 
Rydberg term table calculated by Miss Janet MacInnes in this laboratory. 
The table contains the values of R,,/n** for values of n* from 1 to 11 in steps 
of 0.001. Fowler's table in steps of 0.01 and Paschen’s table in steps of 0.05 
are not sufficiently detailed to allow a linear interpolation. In one series, 
which was first calculated by using Fowler’s table, errors of as much as 8 
wave-numbers were detected when it was recalculated on the basis of the new 
table. 

Miss MacInnes and Professors Condon and Turner have been very helpful 
in the preparation and criticism of this paper. 
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ABSTRACT 


The quantum theory of radiation, formulated in wave-mechanical language but 
in terms of running waves, is shown to lead under suitable conditions to the classical 
theory of emission by a particle as a first approximation. Non-relativistic mechanics is 
used, and the limitations of the method are brought out in terms of classical theory. 
The characteristic quantum phenomenon of the Compton effect requires that the 
Compton recoil shall exceed the spread in momentum of the particle, and so that the 
wave-packet shall greatly exceed in diameter the wave-length of the incident radia- 
tion; this condition is realizable on any scale of magnitude. For quasi-classical motion 
just the reverse is required; furthermore, if the motion is to last for a number of wave- 
periods, the wave-length must greatly exceed /:/mc (m=mass of the particle). The 
classical packet-motion arises from combinations between quantum-states of the 
particle-field system; this fact suggests that the photon is not a fundamental con- 
stituent of the field but only one possible aspect of its action. The infinite “zero- 
energy” associated apparently even with the lowest energy-state of the field implies no 
electromagnetic field intensities at any point. Whereas for problems on energy or 
momentum it is customary to represent an incident wave-train by a single typical 
quantum state, to obtain motional phenomena of classical type a more complete ex- 
pression such as that given in the paper must be used. The physically empty field like- 
wise corresponds to a mixture of quantum states but without correlation among their 
amplitudes. 


HE quantum-mechanical theory of radiation initiated by Dirac, which 
yields a correct formula for the quantum phenomenon of the Compton 
effect, must likewise lead to the classical theory of radiation as an approxima- 
tion valid under certain conditions. A certain theoretical interest seems to at- 
tach to the manner in which it does this. In particular, one would like to see 
how we can bring under the same theoretical roof the continuous oscillation, 
chiefly along the electric vector, of a free electron in a Hertzian wave-train, on 
the one hand, and the billiard-ball Compton recoil of an electron on the other, 
both occurring in radiation fields that appear to differ only in respect of 
wave-length.' Such a discussion forms the object of the present paper. A 
wave-mechanical form of the theory, new in some details, is employed, partly 
because wave-mechanics seems less repellently abstract to many than the 
more usual symbolic matrix formulation; and the treatment is non-relativ- 
istic throughout. The mathematical machinery remains, nevertheless, in 
spite of every simplification rather voluminous,’ and is given only in skeleton; 
it is hoped that those who are interested chiefly in the ideas involved will find 
no difficulty in following the discussion while those who wish to follow the 
1 Cf. A. H. Compton, Phys. Rev. 31, 59 (1928). 
2 Cf. W. Heisenberg, Ann. d. Physik 9, 338 (1931). 


435 

























436 E. H,. KENNARD 
mathematics in detail will have no trouble in following directions and filling 
in the gaps. 

The classical theory of the field in Hamiltonian form is first developed as 
a prototype in greater detail than has been done elsewhere; then wave- 
mechanical formulas are deduced for the motion of the packet centroid in a 
radiation field, and from these the classical emission-formula for a point 
charge is obtained as an approximation. Letting this charge recede to infinity 
we have a typical quantum-mechanical expression for a physical plane wave- 
train. The paper closes with a brief discussion of the relation between the 
Compton effect and the classical law of force. 


CLASSICAL THEORY IN HAMILTONIAN FORM 


A pure radiation field, characterized as such by the absence of electric 
charges in it, can be described completely in terms of a vector potential A; 
and it can further be resolved into an infinite set of plane wave-trains running 
in all directions, that is, we can write: 


A= i) [a’(v, n) cos 2rv(t — yn-x) + a’(v, n) sin 2nv(t — yn-x) |dw, (1) 


in which vy = frequency, c =1/y =speed of light, x is the vector distance of the 
field-point from the origin, n isa unit vector in the direction of the element of 
solid angle dw and a’ and a’’ are vector functions of vy and n perpendicular to 
each other and to n; the integral extends over all positive v and all directions 
of n. Associated with each pair of values of vy and n there are thus two wave- 
trains polarized at right angles. For the energy in the field one finds by means 
of Maxwell's equations, the formulas E=—yd0A/0t, H=curl A, and a 
simple application of the divergence theorem: 


Wo = fe + H*)/8xrdr = (y?/8z) [ (ease): — A-d*A/at?|dr, 


the field being assumed to vanish fast enough at infinity so that fdiv AX Hdr 
=0. We now substitute here for A from (1), replace vy and w as variables in 
one integral by vz, vy, vn, (so that v* = (vn,)?+ (vn,)* + (vn.)* and v*dvdw = ele- 
ment of volume in polars=d(vu,)d(vn,)d(vn_)), and evaluate the result by 
means of repeated applications of the Fourier integrals, 


[a [© cos 2rx(y’ — udu’ = f(u), 





f ax f f(u’) sin 2rx(u’ — w)du’ = 0. 2) 


The final result is an expression for the energy of the field in terms of the 
amplitudes a’ and a”’ of the wave-trains, viz., 


Wo = (wc/2) fic + a’’?)dvdw. (3) 
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In order to apply quantum theory we must now substitute for Maxwell's 
equations a statement of the laws of the field in Hamiltonian form, that is, 
we must describe the field in terms of variables obeying the Hamiltonian 
equations of motion. For simplicity we shall make these finite in number by 
replacing our continuous set of wave-trains by a discrete set, associated in 
pairs with equal intervals Avy on the frequency axis and equal elements of 
solid angle Aw in direction; the integrals above are then to be replaced by 
sums. Then at the end of our calculations we let Ay and Aw approach zero. 
There is a considerable range of choice for the Hamiltonian variables, but 
all must lead to the same result. The simplest choice for wave-mechanical 
purposes* seems to be to take as variables describing the wave-trains associ- 
ated with given vy and n the two pairs: 


Q’ = Ba’ cos 2rvt Q” = Ba” sin 2rvt 


P’ = — Ba’ sin2rvt P” = Ba" cos 2rvt 


(4) 


where B= (cAvAw/2v)"?. It will be more convenient, however, to number 
these pairs of variables in a single sequence, merely remembering that two 
members of the sequence belong to each v and n. Eqs. (1) and (3) then be- 
come, in terms of these coordinates: 


A= > (c)b.(Q, cos Yuexe — P, sin Yue%e), (5) 
Wo= Li(a)rv(Q.? + Pe’), (6) 


where yu, = 27v,, n, is the unit ray-vector for wave-train number ¢, x, = n;,x, 
b, = (2v,AvAw/c)'1,, 1, being a unit vector in the direction of the electric 
vector (i.e., of the original a’ or a’’). Obviously with W > as Hamiltonian the 
new variables obey the Hamiltonian equations: 0,=0W,/dP,, P,= —dW,/- 
0Q.. 

For the treatment of physical problems it is necessary to introduce elec- 
tricity into the field, contrary to our assumption that there is none there. It 
was tacitly assumed by Dirac‘ that this inconsistency would not invalidate 
the results so far as concerns pure radiation effects; we shall see presently to 
what extent this assumption is justified. Accordingly we add the usual (non- 
relativistic) expression for one or more independent particles having charges 
e; and masses m; and obtain as the classical Hamiltonian function for a num- 
ber of particles interacting only by way of the radiation field: 


W = Qi(o)rve(Q.? + Po’) + D(j)(1/2m;)(p; — vesAi)*, (7) 


where A; stands for A with the coordinates of particle no. j inserted for x, p; is 
the vector generalized momentum for the jth particle, and = (j) extends over 
all particles. 

It is well known that the second term in W as given by (7) yields correct 
values for the motion of the particles themselves in a given field with vector 


3 Similar variables are employed by Born and Jordan in their book, Quantenmechanik, 
but they employ standing waves inside a box in place of running waves. 
*P. A. M. Dirac, Roy. Soc. Proc. 114, 243 (1927). 








438 FE. WH. KENNARD 


potential A;, the velocity of the jth particle being v;=(p;—ye,;A;)/m,. We 
shall treat here the converse case, the reaction of the particle upon the field 
according to classical theory, doing this partly because the calculations will 
serve as a valuable guide in the quantum work and partly to reveal the na- 
ture of the limitations upon Dirac’s hypothesis. For simplicity we shall as- 
sume but one particle present; the extension to many is easy. We have then: 


‘ OW € € ; 
QO, = = 2rv,P, + —{ p — — A) Bb Sin Yue, 


OP, cm ( ) 
(S 
OW € e 
P, = —-— = — lev Q. + —( Pp — — A} -B, COS Ye Xe. 
00, cm c 


Let us suppose that the field vanishes until ¢=0, when the charge begins to 
move. The appropriate solution of (8) is, 


t 
QO. + iP, = vf b,-v|sin Molt — t! + yXee) + icos p(t — t! + yNXee) |dt’ (8a) 
0 


where v = (p—eA/c)/m, and by (5) the resulting potential is: 


t 


A = 2ey? Lio)rarseb f I,-v sin welt — tl! + yNXee — ¥xe) dt’, (9) 


in which v and x,, stand for values at the particle and at time ¢’ while x, re- 
fers to the field-point at which A is given by the equation. Now if B is any 
vector and if we denote the two perpendicular J's that belong to given vy, and 
n, by 151, 12, we have 


Iai: Blot + Je2*Bli = Bie (10) 


where B:, denotes the vector component of B perpendicular to n,. Hence 


2 t 
A= der? f Ved V, J dw f VieSin w(t — t! + yXe50 — yXo)dt’. 
0 0 


The integration over dw is easily carried out first. We note that /vi. sin uy 
(Xo. —x,)dw vanishes by symmetry, vi. being the same and x,.—.x, reversed 
in sign for trains moving oppositely. Hence 


A= dey? f rae J dt’ fu. sin w(t — t’) cos ey( vee — Xe) dw. 
0 0 " 


Now let r denote distance from the particle to the field-point and take this 
line as the axis of polars. Then cos uoy(x. —X.) = cos (usyr cos 6), 6 referring 
to the direction of n,, vi,=v—v'n,n,=v—(v, cos @—v. sin @ cos @)n,, Vv; 
and vi being vector components respectively parallel and perpendicular to 
r, dw =sin 0d6d¢; and after several partial integrations over #, and then one 
in the 1/r° terms with respect to v,, one finds that several terms cancel and 
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. ‘T2dv ' 
A= der f av. { E sin u(t — ¢’) 
0 0 Y’r 


2v, — vi ; , 
+ ———-(t — 1’) cosu,(t — “’) | sin poyrdt! 
TV 9’) 33 
in which v,, vi and ¢ are all functions of ¢’. We next replace the product of 
sines or cosines by functions of t—t’+yr, change the variable of integration 
by means of the formula, d(t’+ yr) =(1+yv,)dt’, and then apply the for- 
mulas: 


. r r sin u(r — ) 
dite f f\ r) cos wo(7 — k)dr = lim ( f\ r) ————— dr = rf(k) or 0 
79 0 Moisx 


—_ > 


9 T 


according as 0<k <7 or not, k and 7 being constants; and 


* dv, T 
i) — sin Mv, = _ if > Oand = — - if <0. 
0 


Vo - ~ 


We thus find that for t> yr 


e V ’ 2v, — Vi 
A = “(= ) tec f “TS Q-Nar, (ay 
c rl — v7) t—yr t-yr rs 


while for 0<t<yr 
‘lv, — vi 
A= cf —————{4 = dt’. 
0 


A as given by (11) should represent at least the radiative component of 
the field around a point-charge moving with variable velocity v. It is immedi- 
ately obvious, that the result cannot be entirely correct, for the second 
term is not properly retarded. Even the first term has an unfamiliar look; 
but this is merely a consequence of the fact that our wave-trains must 
necessarily yield a solenoidal potential whereas in the usual theory div A 
does not always vanish; upon differentiating the first term one nevertheless 
obtains correct values for the electric and magnetic fields in so far as they 
are of order 1/r. The true magnitude of the error is best appreciated by pass- 
ing to the case of simple harmonic motion. If we put v=vo sin 27vof, where 
Vo is small, the integral in (11) is easily evaluated (ry being treated as sensi- 
bly constant). Omitting details we shall merely state here that the result 
represents the correct Hertzian electric and magnetic fields around a vibrat- 
ing doublet of instantaneous moment —ev» cos 27vof / 27vo, starting from rest 
at {=0, except that there is superposed upon this field for ¢>0 the static 
electric field of a doublet of instantaneously equal and opposite moment, 
and also out to r=ct the same for a doublet of moment —evo/27vo. The 
error is thus of order (r/Xo)®, Ao =c/vo. (The complete classical field would 
likewise contain, of course, the simple electrostatic field of the particle.) 

In general, then, in classical theory the application of the Hamiltonian 
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equations to the running-wave formulation gives correctly the radiation 
field around a moving point-charge at distances rather large relative to all 
the principal wave-lengths involved in the Fourier representation of the mo- 
tion of the charge. This restriction excludes the simple case of a charge in 
uniform relative motion, and it also prevents, unfortunately, any application 
to the problem of radiation reaction. 


WAVE MECHANICS OF THE RADIATION FIELD 


To apply wave mechanics we now introduce a wave-scalar Y, which is a 
function of the Q’s, the coordinates of the particles and the time, and form a 
Schrédinger equation for it in the usual way, assuming that W as given by 
(7) is the correct Hamiltonian so long as the particles interact only indirectly 
by way of the radiation field. The equation reads: 


0 0? 


v an : et eh © 
= «2 = Le)en(« a +e y+ DOs “a))¥, (12 


ra) 





where €=/:/27i, the subscript j on V and A specifies that the space coordinates 
occurring therein are those of the jth particle, and A is the operator vector- 
potential: 
A= i(c)b.R., Re = Qe COS YHets — € cf sin YuoXe- (13) 
00, 

We shall presently deduce formulas for the motion of packets directly 
from this equation, but it seems impossible to make use of them without re- 
sorting to the usual cumbrous resolution into characteristic functions. The 
latter may be summarized as follows. 

The Hamiltonian for the field alone, Wo=2(¢)rv.(0.2+P.”), is that for 
a collection of independent harmonic oscillators, expressed in what might be 
called “canonical form” ; accordingly we have, as usual, as characteristic func- 
tions for the field alone 


U.(Q, VN) = (Qi, Nis)n(Qe, Nos) + ° 


where N,, denotes a particular choice of the NV,’s and n(Q., N.) stands for a 
normalized characteristic solution of the harmonic-oscillator equation: 


TVe(Q.? — h?/43202/80,2)n(Qe, No) = (No + 3) hven(Qo, No)- 


Inserting then J particles with vector coordinates x; and momenta p;, we 
can write: 


y = h-3Mi2 (5) U, fa(sp)eeon—wor 


= f-3M/2 > (s) U ,e7 tat f a(sp)e*""*dp. (14) 


where [=1/e=2mi/h, W.=2(c)(Nost+1/2)hve, Wep = Wet+2(j)p7/2m;, Zp-x 
stands for 2(j)p;-x;, and the integration extends over all components of mo- 
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mentum of all particles; a(sp) = a(sp) exp (—{2(j)p;7t/2m,), both a and a being 
functions of s and the momenta of all particles and normalized so that 


XU) f or(spalse)ap = XS) farspa(se)ap=1. (18) 


To find the time-variation of the coefficient a due to the interaction terms 
in (12) we substitute for y from (14) in (12) and select a particular coefficient 
in the usual way, by multiplying by a particular U,e~'*"* and integrating 
over all Q’s and x’s; the orthogonality relations for the x’s are expressed by 
the Fourier formulas (2). For the operator R we note that according to well- 
known recurrence relations 

QOn(N) = (h/4x)"?[NM2A(W — 1) + (NV + 1)¥?9(N + 1)], 
dn(N)/dQ = (x/h)¥?[ NY29(N — 1) — (WN + 1)?n(N + 1)], 
with n(—1)=0, whence 
R,U, = (h/4n)"!2[N_"2U(s, emer + (N, + 1)'/2U(s,) e-tmer29, (16) 


where U(s,*) stands for U, with n(Q., N. +1) substituted in it for n(Q., N.); 
the extension of this formula to R,R,U, is easy. The exponentials in x, in- 
troduce a “Compton shift,” expressed by (18) below, in the p occurring in 
b,:p, but this has no effect because b,-n,=0. We thus find eventually for 
the rate of change of a 


(asp) = — D(A) ep 7/2m; 
+ D(j)sei/em (h/4n)"!? (o)b.-p[(Nes + 1)'2a(sz, pjnemet 
+ Nes'!2a(s; pet] — S\(jie?/4e2m; }-(o, r)b.- by 
[(New + 1)! 2( Nye + 1 + 87)" 2ee(soy jor) emt uetant 
+ (Nee + 1)°(N,, + 87) /a(so, pijer)en tear 
+ Ne*(N +1 —- 87) '!2ee(so jor) et emer 
+ Nas!!*(Nrs — 87)" a( sor pioreiuet#r#], 


in which such symbols as s,*+, s** refer to states the same as s except that 
7 oT 


N, and N, have been increased or decreased by unity as directed by the signs 
(or increased or decreased by 2 when ¢ =7), a being put equal to 0 when it 
thus comes to contain a negative N, 6,*=0 except that 6,°=1, and 


(17) 


Pie =p; + yhven, — =p; + yhven, + yhvzn,. (18) 
It is to be understood that in a and a the p’s of any particle not specifically 
indicated in the notation are the same throughout any given equation. In 
sums such as X(¢, rT) in (17) the terms o =7 are a nuisance but they can for- 
tunately usually be omitted in comparison with the other terms (i.e., their 
contribution comes out finally to be proportional to AvyAw and so vanishes in 
the limit).5 


5 A serious question as to the convergence of the sum in (17) arises if one really allows the 
range for vg to extend to infinity, but all mathematical questions of this sort will be passed over 
in silence in this paper. Cf. L. Rosenfeld, Zeits. f. Physik 70, 454 (1931). 
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Motion OF PACKET CENTROIDS 


A fundamental condition for the approximate validity of classical laws 
seems to be that we must be able to represent the particles by wave-packets 
which remain of negligible size over a considerable interval of time. The 
packets then move about practically like particles. Strictly speaking, only a 
single packet exists for the whole system, and it lies in a space whose coordi- 
nates include those of all particles and also all of the Q’s; but we can fix our 
attention upon its location in the space of any single particle and regard it, 
seen from this angle, as a packet for that particle, and under classical condi- 
tions we can even imagine the virtual packets so obtained for the various 
particles all to move about in the same space. When the packets are small it 
suffices to consider the location and motion of their centroids; the laws of 
nature then take on their classical simplicity. 

The vector coordinate of the jth particle being x,;, the coordinate of its 
centroid is defined by 


x; = [xa (19) 


in which dg covers the Q's as well as the coordinates of all particles. The time 
derivatives of x; are most easily obtained by the symbolic method,® which is 
easily extended to cover the present case by first deducing from the wave 
equation, Eq. (12), the “Hamiltonian equation of motion”: 


1 2 ar a af a 
J ¥"f\x, P,Q, P)¥dg = fv} Zia] ( , Jar ( -" yw | 
dt d ] ax; Op, ap; ax; 
; ; (20) 
: | ( of o@ yn ( af a yn] wa 
+ ( = ae . 
. 00, OP, dP, dQ, pred 


Here © (7) extends over the coordinates of all particles and W is the Hamil- 
tonian given by (7); a “compound” derivative such as (0f/0x; 0 0p,) W is to 
be calculated as in matrix theory by replacing in W each unit factor p;' in 
turn by 0f/0p; and adding the results, and, in both f and W, p; and P, are to 
be treated as algebraic quantities except for the familiar interchange rules, 
pix; —x)p.=e6.!, P.O, —O,P, =€6,", and are finally to be replaced by €0/0x;, 
«0 /0Q, respectively just before carrying out the indicated integrations. 

To find the centroid velocity for the jth particle we put each of its coordi- 
nates x;, in turn for f in (20) and find, in vector notation, 


i ej 
Vv; _ = X; - fe(ec pc iaaets « Dob. Re; ody (21) 
dt 


m; cm; 


R,; denoting R, with x,; or n,- x; substituted for x,. For the next differentia- 
tion we put for f, first, pj, then R,; =R,;(x;,Q,P), and obtain easily: 


® Cf. E. H. Kennard, Nat. Acad. Sci. Proc. 17, 58, (1931). 
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ed at f vv dg = d/dt [ vewad = (e;/2cm);) 
fv ; [p; — ve; D-(o)b.R.j|- Do(7)b(¥ jR-;) (22) 


+ do (7)(0 RB: lp; aid 0) D(o)beRei] bv 


the dots denoting as usual the scalar vector product, and, after replacing 
Q, sin YuoXe +P, COS YuoXe, When met, by —(OR,/Ox.)/ ¥Mo, 


d/dt [vrRtag =-c [vrar. Ox, ;)Wdg 


+ (1/2m,) | *) lpi — ve; >> (0)b, Rj |-(0 jR-)) 


+ (v,R,;)-[p; — ve; D-(o) be R,;| | Pdg. 


In both of these equations (V,;R,) stands for n, OR, /0x,;, this V not operating, 

as does the one below, on the following y. Upon substituting in dv;/dt as ob- 

tained by differentiating (21), the long integrals combine according to the 

vector formula for any vector B, B-b,(VR)— B-(VR,)b,= BX[VR, Xb,| 

= BX(n,Xb,) 0R,/dx,. We may also consolidate the two terms occurring 

in each integral by means of the easily established interchange relations, 
OR, , OR,, O°R,; OR. ; OR, ; 

P;- —-——pi=a,——> &;- _-— R,; = eyurb.’. (23) 

ON, Ox OX; OX: j Ox 


Tj ue | 


The final result thus obtained can be written: 


d* e, OR, ; 
x,;=-— fv >(c)b, —— ydq 
dt m, ONs ; 
e; fe e) OR, 
+ ( R17) v( Vi-- Die)b.k.,) x di(r)n, X b,- ydq, (24) 
cm, u mM cm; ON, | 


where (R/) means “real part only of what follows”. The added terms arising 
from (23) have here been dropped because they are pure-imaginary, whereas 
d°x; d® must be real; the integrals multiplying € in these dropped terms, 
like the first integral in (24), contain only real operators linear in P and Q 
and so are real (cf., e.g., 


T=e [vo 00 dQ = ey *y —e€ [ vv" dOdQ = I*). 


Formulas (21) and (24) enable us to calculate the motion of all the packet 
centroids when y is known. They are strikingly similar in form to the form- 
ulas for a particle in an electromagnetic field expressed in the ordinary (but 
of course only approximately correct) manner; in fact the only difference is 
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that here the field vectors are replaced by the three operators, A= D(¢)b.R,, 
E=X(c)b,0R,/0x,, H=curl A=S(o)n,Xb, OR,/0x,, in which the coordi- 
nates of the particle under study are to be inserted. Each particle has, of 
course, its own electromagnetic field in its own space. One is tempted to 
form such averages as /{W*2(0)b,R,;Wdq,;, dqi, covering all coordinates ex- 
cept those of one particle, and then to treat these quantities as field vectors 
in the space of that particle; if we leave the particle out of consideration alto- 
gether these vectors are indeed easily shown to satisfy the Maxwell equa- 
tions, but with the particle present one is led to very complicated expressions. 

For some purposes, on the other hand, we need an alternative form of 
these expressions in terms of the harmonic constituents of the wave-func- 
tion. Such forms are readily obtained by inserting y from (14) into (21) and 
(24) and evaluating the integrals in the same way as in arriving at (17). One 
thus finds for the jth particle: 


Ay = (hide) D9) [dp Dob. [Ne + DUta*(stp perm! 
+ N,)2a*(s, pj ja) 7 inet lea(sp), (25) 


(1/m,;) >o(s) J p2*(sp)alsp)ap — ¢;A;/cm;, (26) 


dx ;, ‘dt 
d?x ;/dt = — (ie;/cm,)(rh)'!? >°(s) ferXlonlb. + (1/em,)p; X (n, X b,)] 


(Nee + 1)!2a*(s> p;j,)eiset oo Nost!2a*(s, p,,)e- inet |ex(sp) 
( 
+ (ie ;?h/2c3m ;*) > (s) fa >> (or) vrb, xX (n, X b,) 


{[(Nee + 1)(Nve + 1 + 867) ]"20*( Sor Djer)ei HH! 
+ (vu + 1)(N ye + 807) ]*/2a*(se, pies ei Heep) 
— [Nos(N re + 1 — 857) ]"2a0*(Ser por) emiHeHn! 
— [Nus(Nrs — 507) ]!2e*(sc, p joven tetuy)#} ax sp), (27) 


the notation being as in (17). The evaluation of sums such as occur here is 
apt to be a tedious process, but the work can often be halved by noting that 
the contributions of any given pair of field-states to (s) {dp in these formulas 
are merely complex conjugates of each other. 

It is noteworthy that with respect to all of these formulas the quantum- 
states of the particle-field system, represented by the various pairs of values 
of s and p, fall into an infinite number of non-combining groups, each char- 
acterized by a certain value of the total momentum, 2(j)p;+2(o)yhv,n,. 
It is well known that only states belonging to the same one of these “Compton” 
groups influence each other’s amplitudes, as shown by (17); for this reason in 
problems on energy or momentum only a single typical group has usually been 
employed, represented by a single initial state for the field. But it appears like- 
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wise from (25) to (27) that only members of the same group combine with 
each other in producing packet motion, so that many features of this motion, 
too, can be obtained from the study of one group alone. On the other hand, 
since concentration in space requires that for any given field state the packet 
must extend over an appreciable range in p, there will be other features which 
depend essentially upon the co-existence of many different Compton groups. 
As a matter of fact, in radiation problems the use of a single group has always 
compelled the resort to a special device of some sort in order to make connec- 
tion with the spatial intensity of the radiation. 

If the field is in any single pure quantum state (e.g., a(sp) =0 except 
when s=s,), then it is obvious from (25), (26) and (27) that it has nodirect 
effect upon the motion of the centroid. There may, however, be an indirect 
effect through values of the a’s arising from interaction with the test particle; 
unfortunately this question, involving the field close to the particle that 
emits it, lies beyond the reach of the present analysis. In the special case of a 
particle at rest with the field in the normal or lowest-energy state, however, it 
is clear from symmetry considerations that the acceleration of the packet 
centroid must really vanish. This is very satisfactory because it means that 
the “infinite energy” =(c)hv,/2 associated with this state, whatever its true 
significance, at least implies no observable electromagnetic field. On the other 
hand, if one wave-train is “excited” (one N,, not zero), there must be a 
steady forward acceleration of the packet corresponding to the mean Comp- 
ton recoil and representing an elementary sort of radiation pressure upon the 
particle; it seems impossible, however, that the acceleration should include 
any component oscillating with frequency v,, for there is nothing in the situa- 
tion to fix the phase of such an oscillation. In this case we have an elementary 
sort of radiation pressure but in the ordinary sense no electric or magnetic in- 
tensity. 

These pure quantum states of the field represent, of course, ideal condi- 
tions that never actually occur. But the same situation should obtain even 
with the field in a mixed state whenever the initial spread in the momentum 
p is small compared to the Compton kicks, of magnitude /y,/c, associated 
with all wave-trains that can contribute appreciably to the centroid motion, 
as is the case in observations on the Compton effect; for then in each product 
of two a’s in the formulas one factor or the other contains a value of p lying 
outside the initial range and so vanishes approximately. 

The ordinary null-field representing the absence of all radiation, which we 
always take as a starting point in emission problems, cannot, however, be as- 
sumed to correspond to the field’s being entirely in its quantum state of low- 
est energy, for from (17) it is obvious that the presence of charged particles, 
even if unaccelerated, will not leave the field in this state. The null-field ap- 
pears to be one containing many different quantum states with amplitudes 
that are completely disorganized. Such a lack of organization, arising eventu- 
ally from the various time-factors in (17), prevents the existence of any cor- 
relation between the a’s that come to be multiplied together in (25) and (27), 
so that positive and negative values cancel each other on the whole, i.e., we 
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have complete destructive interference among the wave-trains, and the net 
physical effect is nil. 


A physical wave-train must likewise be represented by a combination of 
field states, only in this case there is a certain type of coordination among 
their coefficients. Of this an example is obtained in the next section. 


THE CLASSICAL CASE 


We are now ready to attack the principal problem of the present paper, 
namely, the manner in which the quantum theory of radiation passes over 
under suitable conditions into classical theory as a first approximation. 

The classical case, as stated above, is one in which the particles can be rep- 
resented by wave-packets that preserve a certain particle-like character fora 
considerable length of time. To avoid disrupting them it appears that the 
radiation field must be sufficiently coarse-grained to be approximately uni- 
form over the wave-packet for each particle; that is, if Aw is the effective 
diameter of the packet and \ the wave-length of the radiation, we must have 
Av AK1. At the same time the spread of momentum Ap must of course 
satisfy the relation of indetermination, AvAp>h (roughly). Now such a 
spread of momentum tends, as time goes on, to blur the packet: we may say 
roughly that the diameter will increase at a rate Av=Ap m and so will be- 
come equal to \ in a time Aw Ap. During this time we shall want to follow 
the particle during at least several oscillations under the influence of the 
field. Hence we shall want to have (Am, Ap)vy=mc Ap>1, a condition that is 
easy to satisfy at ordinary speeds. By multiplication of these three inequalities 
we can obtain others; combining two of the latter with the first one above, we 
can write as an expression for the relation of indetermination and the con- 
ditions for the classical case combined : 


Av/\ K1, hv (cAp) K1, AD h/me. (28) 


The second of these inequalities can be interpreted as meaning that the 
maximum Compton kick due to the field, hv/c, must be much less than the 
indefiniteness in momentum; thus it is characteristic of the classical case that 
the Compton effect is reduced to a slight blurring of the packet which is quite 
negligible as compared with the effect of the natural degree of indefiniteness 
in the velocity. The third inequality, on the other hand, sets an actual limit 
to the smallness of the scale upon which anything like a classical relation be- 
tween radiation and motion can hold at all. Characteristic quantum phenom- 
ena are possible under suitable conditions upon any scale; for instance, in 
principle the Compton effect might be observed with free electrons and Hert- 
zian waves, the electrons being so closely controlled in velocity for this pur- 
pose that their position would be indefinite by miles. On such large scales 
phenomena may be either approximately classical or more or less quantum- 
mechanical in character, depending upon conditions. But below the limit of 
size set by the third inequality above radiation phenomena are bound to pre- 
sent more or less of a non-classical aspect. 

Let us now fix our attention upon the radiation emitted by a particle of 
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charge e, mass m, and coordinates x and p, as detected by its effect upon a 
second particle for which corresponding quantities are e’, m’, x’, p’. To make 
the first particle radiate we must subject it to an accelerating force, and to 
preserve classical conditions this force must likewise be practically uniform 


over the packet; we shall represent it by a potential energy term V = — g(t) - x. 
The complete wave-equation will then be 
Oy o 
—e— = )(o)z,{ 0.2 + &@&— Ww + (1/2m)(ev — ye )-(0)b,R,)*Y 
ot 00,” 
+ (1/2m’)(ev’ — ye’ }-(c)b,R.’)*W — 8x, (29) 


the primes on V’ and R’ indicating that x’ in place of x occurs in these opera- 
tors. 
To allow, first, for the effect of V, consider the simpler case: 


— dp At = (2 /Im)T*W + (2/2m')V"W — Box, Vv = falpp')ere > +p’: xd pdp’. 


One easily verifies that 


t 
a(p’) = ap — Gr, p’)e, G- | gil, 


n= — p?t/2m’ + (1 2m)| — ptt 2p.(G _- i) Gudt) (30) 


t t 
-2f dt ef ei )tdts| 


is a solution reducing to a=ap» at (=0 (the term g-xy arising in the wave- 
equation from an integration by parts in p); we have thus for the rate of 
change of a, 


a = (Opa = — ¢(p?/2m + p”/2m')a — BV pa, (31) 


V, denoting a vector whose components are da/0p,. The quantity G, repre- 
sents, of course, the total change in the mean expectation of momentum, 
p= /pa*a dp, during the time ¢. 

Returning now to the general case, let us write 


¥=h"* > (s) [fe spp’)ct\p + xtp'>*'-Ws dod p’, (32) 


For the present, however, we shall assume that initially only one field 
state is present, that is, a(spp’) differs from zero only for one chosen value of 
s and [fa*(spp’)a(spp’)dpdp’ =1; and in order to restrict our calculation to 
radiation by the first particle alone we shall consider only the wisps of side- 
terms that arise out of this initial state through the influence of the first 
particle as expressed by its term in the Hamiltonian. Adding the g-effect out 
of (31) in (17), in which we now add p’ as a new variable in all a’s, we find: 
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t 
a(s;pp’) = Op)a(s. pp’) 
+ (e¢/cm)(h/4m) "(Nu + } + 1) 2, - pa(sp; p')etmt, 
a(ss: pp’) = (Op)a(se: pp’) 
ca (ie?/4c2m) [(Nes + t “i * (Nes + } + 1) ]'2b,- b,a( spas p’)ei(tuetur)t, (33b) 


(33a) 


the latter valid only foro #r. Foro =7 we get such equations as 
a(spp’) = (Op)a(spp’) — (ie?/4c2m) >> (c)(2N + 1)b,%a(spp’), 


in which the last term is enormous but after all merely serves to rotate a at 
high speed in the complex plane; the same sort of rotating term really should 
appear in all of the a’s, except for changes in one or two N,,’s whose effect 
vanishes with AvAw, hence this rotation will be without physical effect in the 
end, and we shall accordingly ignore it from this point on. All other a’s are 
zero. Accordingly, by (31) and (30), 


a(spp’) = ao(s, p — Gr, p’)et. (34) 


Upon substituting this value of a in the last term in (33a,b) we get, since 
b,:p=b,:p.* =b,-p.,**, equations of the type, 


& = (Op)a + a(spp’)F(p, 1), 


whose solution vanishing at ¢=0 is 

a = a(spp’) [ve — Gi t+ Gu, tidt. 
We thus find: 
a(sepp’) = (e¢/cm)(h/4n)"/( Nos + $ + 3)*2a(spep’) 


t 
J b,(p — Ge + Gr,)etndt, (35) 
0 


a(ss: pp’) = — (ie?/4c2m) 


, , tt os / 

[(Nee + + PV + 3 + YD], -bra(spsep’) i) eiitusintdt,, (36) 
0 

in which all a’s denote values at time ¢ and the second equation holds only 

for o¥rT. 

We now direct our attention to the second particle and find in its space 
the mean vector potential due to the radiation field emitted by the first par- 
ticle as represented by (34), (35) and (36). In Eq. (25) we replace the sub- 
script 7 by a prime throughout and add p as another variable in all a’s; the 
sums =(s)=(c) reduce to two sets of terms, one set in which our chosen initial 
a(spp’) functions as a(spp’) in (25) and the values of a given by (35) as the 
a’s in the bracket, and a second set, complex conjugates of the first, in which 
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these roles are reversed. The values of a given by (36) yield nothing appre- 
ciable. Putting 
p- Gi+ Gi, = Pi, 


the result can be written: 


<= (en J J dpdp’ (0) b,c*[( Nes + 1)a*(sp.p.’)a( spp’) 
(37) 
— N,,a*(spp,’-)a(sp.p’) | f b,’: pie "dt; + conjugate. 


In p; we should have, according to (25), p,* in place of p, but this is imma- 
terial because b,-(p,*—p) = tyhv.b,-n,=0. 

The p and p’ integrations may now be carried out first; this requires a bit 
of packet theory which can be indicated in sufficient detail as follows. As- 
suming that only the one state s contributes appreciably to the integrals, one 
easily finds, after a partial integration or two in one set of p’s, 


z= [ wag--«f J av ad pap’ 
(av)(x — x) taf — x)Y*vdq = — ~ffir V,a | *dpdp’ — x’; 


whereas if we introduce the centroid explicitly by writing a =Be™'?™, 
iM 
Jf e%rnsapap’ =0, D* = (av)(x — x)? = 


Similar formulas hold for the second particle as well. The Compton shift of 
p in the factor e~*?** serves to introduce into the result the location of the 
particles. The occurrence of the same shift in 8, on the other hand, is unim- 
portant under our conditions. For the difference between such an integral as 
I fb.-p:8*(p.* JB p)dpdp’ and (av )be -pi=//b.-pi8*(p)8(p)dpdp’ should be 
of the order of |//b, ‘pryhy. | V,B | 8 |\dpdp’ |, which, since the spread of mo- 
mentum is small in the quasi- dauine case and b, is a constant, is nearly the 
same as yhv,|(av)b.-pi] [f|8V,8 \dpdp’, and by the Schwarz inequality the 
square of the latter integral cannot exceed [/|8 |*dpdp’//|V,8 |*dpdp’ = 
'=47°D*/h? by (38). Thus the original difference is of order 
27D|(av)b,-pi]/A. and so is small compared with (av)b,-p, itself by the 
first of the inequalities (28). A rigorous treatment of the matter is readily 
constructed, with further use of the Schwarz inequality, but it is devoid of 
physical interest and will be omitted. 
Accordingly, writing 





VB | %dpdp’. (38) 








a(spp’) = B(spp’)e-t(e-*+p'-®) (39) 


and pi = {/pi8*(spp’)8(spp’)dpdp’, where p;=p—G,+G,, and so represents 
the value of p, the average momentum, at time ¢;, (37) becomes: 








450 E. H. KENNARD 


A’ = — (ie/2cm) >> (0) b, cine thyMg* X—yN¢" x’) [bbe imedt, + conjugate 


or 


t 
A’ = (e/cm) d\o)b, b,: [ Pi sin w(t + yt, — yk.’ — tdi. (40) 


This expression agrees with that in (9) except that p,/m replaces v and 
the two sets of centroid coordinates replace those of the radiating particle and 
of the field point respectively. We thus obtain finally the classical expression, 
(12), for A, with p,/m replacing v throughout; the first particle affects the 
second approximately as if they were classical particles following their re- 
spective packet centroids. 

The calculation just given is readily generalized to cover the initial pres- 
ence of more than one field state. The only cases of this sort which are of in- 
terest in the present connection are two in which a great many states occur 
with certain relations as to amplitude and phase. On the one hand, the ampli- 
tudes may be entirely disorganized, representing a physical null-field. Then 
combinations between each of the initial states and the side-terms arising 
out of the others will destroy each other by interference; each initial state 
will yield a contribution to A like that just obtained but multiplied by the 
probability of the state, k= a(spp’) *dpdp’, and the total result for emis- 
sion by a particle will come out as before. On the other hand, the various 
states may be so correlated in amplitude that they represent in the space of 
the radiating particle a vector potential Aj coming from other sources. In the 
latter case intercombinations between each of these initial states and the 
side-terms arising out of the others serve to introduce into the radiation from 
our particle the component arising from a term, —eAo/cm, in its velocity; but 
we shall give no further details. 

The results just obtained constitute, unfortunately, only a partial deduc- 
tion of the classical law, since the law of force, Eq. (24), has not the usual 
form in terms of derivatives of A. Apparently it is necessary to show directly 
that (24) or (27) leads also, under our conditions, to the familiar formula, 
mx =eE+evXH/c. This is in fact not hard to do, but we shall indicate the 
details only for the most difficult term, the last one in (24) or the e,;? term in 
(27), representing the combined effect of the velocity due to the vector poten- 
tial and the magnetic field of the same physical wave-train. This term con- 
tains the average of the product AXdH, but such an expression cannot in 
general be separated into the product of the averages, A XH. 

To evaluate this quadratic term it turns out that we have to go to the 
second approximation for the values of a. We have here a characteristic dif- 
ference between classical and quantum mechanics, for in classical theory the 
values of the P’s and Q’s are obtained once for all in terms of other quantities 
(Eq. (8a) above). As a matter of fact, contrary to first appearances, a given 
a(s) does not correspond to an assignment in classical theory of the amplitude 
of each P and Q; it has reference to a more fundamental! wave-oscillation de- 
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void of any classical analogue whatever. A set of amplitudes of the classical 
P’s and Q’s corresponds to a wave-packet for the field consisting of many 
a(s)’s in combination. Thus Eqs. (35) and (36) do not really correspond at all 
to the classical Eqs. (8a). 

To obtain the second approximation we insert the values of a(s,*pp’) as 
given by (35) for a(spp’) on the right of (33a), repeat with o changed to 7 in 
(33a) instead of in (35), and, adding the results, obtain a(s,,+* pp’); from this 
a(s,,**pp’) can at once be written down just as in obtaining (35) from (33a). 
The resulting two double integrals with respect to ¢ fit together into one, thus: 


t ma t te 
f b,: p2e* "dts i) b,- pyet dt, + f b,: poe* "dle i) b,: pyet*"dt, 
0 0 0 0 
t t 
= f dt, i) b, - pib,: pret ehtredt,, 
0 0 


ce( so. pp’) = — (re*/c?mth)( Nos + 4 + 1)1/2( N,, +3 + 4)12 


Accordingly 


t t 
a( spo, ) f b,: pye* "dt, f b,: pye*rdt;. (41) 
0 0 


We now go to Eq. (27), replace in it the subscript 7 by a prime and add p 
as a variable in a, and then substitute for the a’s in the e” term on the right 
a(spp'), a(s.*pp’) from (35), and a(s,,**pp’) from (41). Most of the terms 
in X(s)X(¢, r) vanish, but the two series of values a(s,*+) and a(s,—) combine 
with each other and with themselves, and a(s) combines with a(s,,**). The 
sixteen expressions thus found we shall not write down; we shall merely state 
that, after the p shifts have been replaced by centroid factors as was done in 
calculating A, the terms all combine up very nicely and give us for the e” 
term in (27): 


(e’/cm’) ff B3(spp’) *dpdp'(— e’/cm’) 


hy cm) Diode. f b,- pi sin w(t + yt, — ye’ — nats 
0 


x i —2re/c?m) >-(7)v-n,xb, i) b,-p; cos w(t + yt, — ye,’ — iat. 





Comparison with (40) then shows that the first square bracket represents the 
vector potential emitted by a particle with momentum py,, while the second 
bracket is the curl of this potential taken with respect to the coordinates of the 
second particle, since curl [b,f(#,’)] =Vf(z,") Xb, =n,0f /dz,' Xb,. The whole 
expression thus represents the expected classical component of acceleration, 
(e’/cm’)(—e' A/cm’) X H=ev, XH/cm, averaged for all momentum constit- 
uents of the radiating packet just as if each of these radiated its own com- 
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plete field. Since this packet was supposed to be very concentrated in momen- 
tum we have thus the classical result. 

The waves obtained above are diverging spherical waves, but of course by 
removing the radiating particle to infinity they can be converted into plane 
waves. In classical theory such waves can also be obtained more simply 
merely by assuming just one pair of the Q’s and P’s to differ from zero by a 
finite amount. The expression obtained in the latter way is, however, really of 
the nature of a singular solution; it is not the limiting form of (9) above; and 
in quantum theory it seems to possess no true analogue. 

Apparently the simplest adequate representation of a plane train is the 
following. Introducing the centroids into (35) and (41) as before by means of 
(39), let us drop out of the factor, exp(— {p-x), the part that merely cancels 
in the end and retain only exp[—¢(p.*—p)-x]=exp|+iu.yz.| and the 
similar expression in bothg¢ and fr. As the emitting particle recedes to infinity 
let its charge e increase in proportion to its distance; we then drop it from 
view as a particle by ignoring p in 6, where it merely serves to average over 
the packet, and writing —pn for x, in which we now regard p merely as a 
large number with the dimensions of distance and n as a unit vector. For p— 
G.+Gi=p) let us write Ci/ cos wolf; the integrals are then easily evaluated. 
Omitting, finally, the factors referring explicitly to the second particle, we 
find in this way from (35) and (41) as the representation of a plane wave- 
train of frequency vp =o/27, with electric vector in the direction J and ray- 
direction n, the following coordinated set of field states: 


a(s) = k 


+ pC fu sAvAw\!!* 
a( sz) ~(¢ “—) (Vo. + 4 + 3)'20- Let iveuen: ne 


eifuotee)t — | ei (Hote) t — | 
(caeeted Pateal| 


) 


Mo = Me — Mo = Me 
++ p°C* poAvAw __ = ° 
also; ) ee (.\ os + } ee YI | A or + I + 1)1 *1-1,1-1, 
4 ch 
et (Hote) t 1 ei(-Hotue)t — 1 ei (uotur)t — 1 et(-wotur)t — | 
cm: me] ——— + ——._-— —|(— ~———-— + ——-—.-- | 
Mo = Mo — Mo = Me Mo = Mr — Mo = Mr 


in which p is to be made infinite at the end, C=eC,/cmp and is arbitrary, and 
k is another arbitrary constant that we have introduced for generality; o and 
T are to take on all positive values. The corresponding vector potential for a 
particle placed in the field with coordinate x is, from (11), in which we re- 
place vi(t) by kpi/m and then pi: by Cy cos pot, assume yz, negligible, 
drop the last term as likewise negligible, put r=p+n-x, and then let p>: 


A = kCI cos wo(t — yn-x — to). 


The intensity of the beam (Poynting’s vector) is mv2k?C?/2c. 
If in Eqs. (42) we put s =0 and take it to refer to the “normal” state of the 
field (NV,,=0), then only states of the type 0, 0,+ and 0,,. occur. This simple 
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case is really adequate for the treatment of all practical problems; in the pres- 
ent paper the mere general case of any initial state was preferred merely as a 
matter of theoretical interest. For problems in energy or momentum one may 
then, as is usual, simplify the procedure still further by starting with a single 
state, either 0, or 0,* for a particular value of ¢; but to obtain motional phe- 
nomena complete expressions such as those given by (42) must be used. 


RADIATION AND A FREE CHARGED PARTICLE. PHOTONS 


The results obtained above suggest the following general picture of the 
action of monochromatic radiation upon a free electron or other charged 
particle. 

Beginning at one extreme, we may have the particle so closely controlled 
in momentum that the Compton recoil hy/c is much greater than the spread 
or indefiniteness in momentum of the particle, the position of the latter being 
then indefinite to the extent of many wave-lengths of the radiation. The prin- 
cipal effect of the radiation in this case is to produce an internal statistical 
distribution of momentum and a resultant spreading of the packet, which, 
being proportional to the first power of the time, easily out distances the 
spreading required by the indetermination principle and so results in the 
phenomenon of the recoil electrons. This Compton spreading, being confined 
to the forward hemisphere relative to the incident rays, involves a forward 
acceleration of the packet centroid; we have thus, in physical terms, radia- 
tion pressure but no force corresponding to an electric or magnetic field of 
the type usually associated with electromagnetic waves. Theoretically such a 
case can be realized at any frequency whatever. 

If we now progressively decrease the indefiniteness of position and at the 
same time unavoidably increase the indefiniteness of momentum, different 
quantum states in the packet eventually begin to combine in (25) and (27) 
and so by “interference” to cause the classical motion of the packet as a 
whole. At the same time the Compton recoil becomes progressively more and 
more masked by the initial indefiniteness in momentum of the particle and 
therefore harder to distinguish from the latter in observation. This change in 
the phenomenon reaches an advanced stage when the packet “diameter” be- 
comes equal to the wave-length of the radiation. 

Finally, when the whole packet becomes very much smaller than a cubic 
wave-length and at the same time sufficiently well-defined in momentum so 
that it will stay small during many field-periods, then we have the fully de- 
veloped classical case. The Compton shift in momentum is now so small that 
it is altogether lost in the general initial blur of the momentum; the elemen- 
tary radiation pressure represented by this shift must at the same time pass 
somehow into the classical radiation pressure. The smallness of packet re- 
quisite for this case can be secured initially for any wave-length of radiation, 
but this condttion can be made to last during many periods only if the wave- 
length considerably exceeds the “Compton wave-length”, \ = h/mc, or 0.0242A 
for electrons and less in proportion to the mass for heavier ions. 

In the centroid motion, when thus fully developed, there is no trace of 











454 E. H. KENNARD 


the billiard-ball action which is characteristic of the Compton effect and 
which suggests so strongly the existence of photons. One might explain the 
absence of such discontinuities by pointing out that under those conditions in 
which the classical motion is actually observable there would always be very 
many photons acting, so that any discontinuities in the elementary processes 
would be smoothed out. In the usual photon formulation of radiation theory, 
however, the photons are associated with the quantum states themselves, a 
state s with quantum numbers .V,, being regarded as one in which there are 
N,. photons moving in each of the directions n,, whereas we have seen that 
the centroid motion arises as a combination effect between these states. It 
seems unlikely that a satisfactory law can ever be found which would repre- 
sent the centroid velocity as arising in a simple way from many impulses im- 
parted independently by the separate photons. The preferable view seems to 
be that the photon is, like a wave on the ocean, not an ultimate building 
block of the world but merely a special form or appearance that sometimes 
takes shape. 
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LOCAL MOMENTUM IN WAVE MECHANICS. II 


By LLoyp A. YouncG* 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
(Received December 17, 1931) 


ABSTRACT 


It is shown that in the limit 4-0 the quantity local momentum becomes equal 
to the classical momentum and the equations involving local momentum become 
equations of classical mechanics. Operators are found for this quantity corresponding 
to the operator (i 277) (d dx). 


1. 


HE most usual statement concerning the relation of quantum to clas- 
sical mechanics is that in the limit 4-0 quantum mechanical relations 
connecting the observables of this theory pass over into classical equations. 
One of the most important of such relations is the commutator of matrix 
mechanics 
h 
px — xp = — 1 
2ri 
connecting the dynamical variables p and x. In the limit =0 we obtain the 
following results for p and x: (1) they become commuting quantities of the 
classical theory (2) they are simultaneously observable to any degree of 
accuracy. The above results along with the behavior of the quantum me- 
chanical equations of motion are sufficient to show that, if we represent the 
motion of a system by a wave packet, in the limit h->0 (1) the initial size of 
the packet may be made as small as we please, (2) the wave packet does not 
spread, and (3) it moves in accordance with the laws of classical mechanics. 
The above is not intended as a proof that 


lima.o (quantum mechanics) =classical mechanics 


but is simply an outline of the steps which might be taken in such a proof. 

In a recent issue of the Physical Review the author published a paper 
(“A Note on Local Momentum in Wave Mechanics”)! in which it was shown 
that the wave functions for one-dimentional problems could be written in the 
forms 


y+ = P(x)- 2p2ni hfPdz 
| (1) 
y= P(x)" 2e-2ri/h {Paz 
or for discrete states* 
2r 
y = P(x)-!/2 —— [ Pax (2) 
f 


* National Research Fellow. 

1 Young, Phys. Rev. 38, 1612 (1931). 

2 For discrete states we require (27 /h)/Pdx =n-x the range of integration being taken over 
the entire range of the coordinate. Note that twice the integral makes the analogy with the 
Bohr-Sommerfeld quantum condition S$ pdx =nh complete. 
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where P(x) (called local momentum) satisfies the differential equation 


h* d* 
P? + lm(\V — E) = pil: Poe. (3) e 
47° dx 
The Bohr-Sommerfeld quantum condition was there revived in terms of the 
local momentum and it was stated that in the limit, P(*) becomes equal to 
p(x), the classical momentum. This may be demonstrated easily from Eq. (3) 
for if we go to the limit 2 = 0 we obtain 


P*(x) + 2m(V — E) = 0 (4) 
but classically we have 


p(x) + 2m(V — E) = 0 
Therefore in the limit h-0, P(x) p(x). If in Eq. (3) we introduce S, = /Pdx 


we obtain as h-0 
dS» > o 
(=) + 2m(V — E) = 0, (5) 


dx 


This is the one-dimensional Hamilton-Jacobi equation, So is the classical 
action function and S, its wave mechanical analogue. 

It is clear that P(x) is not a dynamical variable but it is interesting to try 
to find an operator P corresponding to the operator p = (/277)(d/dx). To do 
this let us consider a wave function of the form y*. Let us answer the question 
as to what function Q(x) satisfies the relation 


h d 
— r = P b + (6 
2ri dQ(x) v (x) 6) 
We find 
dQ h p- d — (7) 
—— EE ae a Oe / 
dx 2ri dx ' 
introduction for y* its value in terms of P(x) and integrating yields 


Q(x) = a+ ae (8) 
iii 4ri P(x) 


Note that for finite h the last term in this equation is just 1/477 times a “de 
Broglie wave-length” and that in the limit Q(x)—>x the dynamical variable 
conjugate to p. Q(x) also satisfies 


h ad 
2ri dQ 


y= — Par (9) 


Moreover we may write 


yt ertilh PdQ 
y= en 2 tisk [PaQ (10) 
and the real wave function 


y = cos (2x/h) J P20. 
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So far the author has discovered no real practical advantage in writing the 
wave functions in this form but their simplicity has a definite elegrance and 
aesthetic value. If we define an operator P by the relation 


h a 


2ri dQ 
we can easily show that 


pofved Sb ay 


It is clear from our definition of the operator P that 


h 
PQ — @P = — 1 
i 


2r 


but a more significant relation may be derived, namely 

PQ — QP = px — xp. (13) 
These results are interesting and suggestive and may be extended easily. We 
consider that a close and fundamental relationship has been established be- 
tween the local momentum P(x) and the classical momentum. 


2. 

The differential equation satisfied by P(x), Eq. (3), is not in a form which 
allows easy analytic calculation, but, by making use of the relationship exist- 
ing between P(x) and the fundamental solutions of the Schréidinger equation 
for the same potential, analytic expressions may be obtained for most of the 
well-known equations of wave mechanics whose solutions are known exactly. 
By taking P-! as the dependent variable Eq. (3) may be put into a form 
admirably suited to numerical methods. As might be expected results of prob- 
lems depending essentially on wave interference may be expressed simply in 
terms of the phase integral {Pdx. For example, consider the elastic scattering 
of electrons by atoms represented by a central field of potential V(r) (Ram- 
sauer effect). We obtain the well-known result for the cross section in units 
equal to the square of the Bohr radius for hydrogen 


4r = 
@-— > (21 + 1) sin? 6, (14) 
“ I=0 


v= ta[fimiow-[rvow] 0s 


where the P;,; and Po,; are the local momenta corresponding to the wave 
equations 


where 








i+ 1 
Ry + E + 2V(r) - \ +p, = 0 (16) 
and 7 
“i+ 1 
Ri + [ Vas ae Wig ool (17) 
yr J 





In these equations k? represents the energy of the electron beam in hydrogenic 
units. 
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THE FIRST SPARK SPECTRUM OF CAESIUM (Cs IT) 


By O. Laporte, G. R. MILLer, R. A. SAWYER 
UNIVERSITY OF MICHIGAN 


(Received December 17, 1931) 


ABSTRACT 

The resonance lines of Cs II have been photographed in the ultraviolet region 
with the vacuum spectrograph. The mode of excitation was the hollow cathode dis- 
charge in helium. The values of the wave-lengths of the ultraviolet lines for Cs Il were 
obtained from second order measurements. With the separations of the resonance 
lines as guides, it was possible to assign electron configurations to the energy levels 
given by Sommer and to extend his scheme somewhat. The coupling is that of approx- 
imate (jj) type. The characteristic feature of the Cs II] spectrum was the decom- 
position of the levels arising from the various configurations into two distinct groups 
due to the large separation of the 5p* ?P of Cs III. Five of the eight resonance lines 
found in the ultraviolet region fitted into Sommer’s scheme. One new level with J =0 
has been found in this investigation, thus completing the group of the six 5p°6p levels 
built upon the ?P,/2 limit. The classification, assignment of inner quantum numbers, 
and the identification of levels agreed with the theoretical considerations as well as 
with the predictions from the Xe I classification. The remaining three resonance lines 
appeared to be due to transitions from the 5p* 'Sy) ground level to new 5p*(s, d) levels 
built upon the *P; 2 limit. It was possible to separate the *P» and *P, levels due to 5p° 
(?P; 1/2) (6s and 7s) from the 5p°(2P; ;/2) (5d and 6d) levels. The ionization potential of 
Cs II was computed to be approximately 23.4 volts. 


I. INTRODUCTION 


N A recent publication the authors have presented a classification of the 

Rb II spectrum! which was made possible by the identification of the 
resonance lines of the spectrum in spectrograms taken with a vacuum spec- 
trograph of a hollow cathode discharge of rubidium in helium.” The present 
paper gives the result of a similar undertaking for caesium. The procedure 
was the same as for rubidium. The caesium metal was placed in a molyb- 
denum hollow cathode and the spectrum excited by a discharge in an atmos- 
phere of helium. It was photographed with a 1 meter vacuum spectrograph 
and the wave-lengths of the resonance lines determined by measurements in 
the second order against carbon and helium standards. As reported in a pre- 
liminary communication,’ eight lines were measured between 962A and 612A. 
These data were made use of to interpret the material of Sommer,’ who photo- 
graphed the caesium spark spectrum in the region 43268-7280 and arranged 
a number of the lines in a scheme showing recurring frequency differences. 


' OQ. Laporte, G. R. Miller, R. A. Sawyer, Phys. Rev. 38, 843 (1931). 

* Through a remarkable oversight the potassium arc resonance lines, \A7664 and 7698, 
were classified in the Rb II spectrum. These two lines and the term by which they were clas- 
sified should be striken out of that paper. 

5 QO, Laporte, G. R. Miller, R. A. Sawyer, Phys. Rev. 37, 845 (1931). 

* Sommer, Ann. d. Physik 75, 163 (1924). 
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The Cs II spectrum is, like that of Rb II, of rare gas type. The lowest 
term is 5p* 'So and the higher terms with which we are concerned arise from 
the excitation of one of the p-electrons to an s, p, d, or f level of higher quan- 
tum number. A tabulation of the number and location of the levels to be ex- 
pected from each of these configurations on both the Russell-Saunders and 
the (jj) coupling is given in Table I which is repeated here for convenience 


TABLE I. Electron configurations and theoretical terms of the Cs II spectrum. 


Electron Number of 





configuration Ruseell-Saunders I! Gi) | levels 

4p’ + *Piy *Piy 
+p’ | 1S 0 (1) 
4p°5s 
+p°6s IP, 3Poro 12 | 01 (4) 
4p*7s 

nit | 
4p'Sp | 
4 pop So 'P, 'D. 38, *Pao *Dsy 12 01 (10) 
4p*7p 0123 12. | 
4p4d | 
4+p°5d 'P, 'D. Fs 8Payy 8Ds2, AF 452 0123 12 (12) 
4p°6d 1234 | 23 | 
4 p4yf | 
+p°5f 1D, 'Fs 'Gq 4Day 2 F a2 5Gas 1234 23 | (12) 
4+p°of | 2345 34 

| 


from the rubidium paper. However, whereas in the Rb II spectrum the coup- 
ling was of a type intermediate between the Russell-Saunders and (jj) cases, 
it is to be expected that in Cs II, as found in Xe I, the coupling will be nearly 
of the (jj) type and that the two groups of terms having as limits *P,,. and 


°P; 1. of the Cs III spectrum will be completely separated. This indeed is 
found to be the case and in fact all of the levels found by Sommer are built 
upon the 5p? ?P, 12. term of Cs IIT. 

The scheme given by Sommer consists of transitions between a middle 
set of terms and a higher and a lower set. Our knowledge of the similar Rb II 
and Xe I spectra would identify the middle set of terms as belonging to 5p* 
6p and the upper and lower sets respectively to a blend of 5p*° 5d and 6s and 
of 5p* 6d and 7s respectively. The ultraviolet lines must be transitions be- 
tween the lowest term in the spectrum, 5p° 'S» and the terms of the configura- 
tions 5p* (6s, 7s, 5d, 6d) having j = 1. Five of the ultraviolet lines in fact may 
be fitted into Sommer’s scheme on this assumption. Table II gives the classi- 
fied lines of Cs II and relative term values based on 'S)=0. The first and 
second columns contain the spectroscopic notations’ of the levels arising from 
the 5p° 5d, 5p* 6d, and 5p*6s, 5p*7s configurations respectively, while the 
third column contains the J values of these levels. The fourth column con- 


> Meggers, de Bruin and Humphreys, B.S. Jour. Research 3, 731 (1929). 
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tains the relative term values of the levels of these configurations and are re- 
ferred to the 5p° |S» level. The headings of the remaining columns give the 
spectroscopic notations® and relative term values (referred to 5p° ‘So) of the 
levels due to the 5p° and 5p°(?P,;) 6p configurations. In the body of the table 
are the wave numbers of the spectral lines, followed in parenthesis by their 
intensities. Below each wave number is the discrepancy (observed value 
minus calculated value) between the observed wave number and the wave 
number calculated from the positions assigned to the levels. The scheme is 
essentially that of Sommer with the addition of terms of relative value 
122872, 123645, 133153 and 163180 and the lines arising from them. 

Table III contains a list of Cs II lines classified in this investigation. In 
the first two columns are the intensities obtained in the two investigations; 
in the third column are the \’s and the wave numbers in vacuum; the last col- 
umn contains the classification. (5°) is omitted in the classification since it 

TABLE ILI. Wave-length list of Cs II lines. 











Int 
ee a ae, vy vac. Classification 
Ms S 
y | 612.82 (vac.) 163180 5p* 1Sy—(2Py6d, 7s)1,° 
12 639.42 “ 156392 5p* 1S) —(2P6d)6,° 
5 657.15 “ 152172 5 p® 1S)—(2P 46d) 1,° 
12 668.43 “ 149604 5 p* §So—(2Py37s)°P,° 
20 808.77. “ 123645 5p* 'So—(?Pi5d, 6s)2,° 
20 813.85 “ 122872 5p* '\So—(2P45d, 6s)1,° 
20 901.34 110946 5p* 1So—(2Py5d) 11° 
20 926.75 “ 107905 5p* 'So—(2Py6s)®Py° 
0 3531.376 28309 .51 (??P,6p)22—(?2P\36d)6,° 
2 3732.539 26783 .83 (?P6p)1,—(?P46d)32° 
5 3785 .424 26409 .65 (?P,:6p)4, —(?P,:6d)6,° 
0 3804 . 66 26276.13) 
6 3805 .096 26273.12} (?P,:6p) 1, — (2P,)6d)22° 
0 3805.42 26270.85 
0 3896.52 25656 .65) 
7 3896 .978 25653 .67 ; (?P,,6p)1, —(2P,:6d)1,° 
0 3897 .340 25651.31) 
0 3900 .09 25633 .22 (?P46p)52—(2P16d)6,° 
4 3906 .933 25588 .30 ?P5p)22—(2P16d)55° 
0 3925.12 25469 .74) 
6 3925 .583 25466.74} (?P:6p)22—(2P 46d) 45° 
0 3925 .94 25464.41) 
5 3959 .495 25248 .63\ (?P36s)°P1° —(@P 6p) 6o 
0 3959 .870 25246. 25| 
6 3965 . 187 25212.38\ (?P1:6p)22—(2P6d)32° 
0 3965 .54 25210.13) 
4 4047 .184 24701.59 (?P136p)22—(2P4)6d)2.° 
6 4068 .773 24570 .52\ (?P1:6p)33— (2P436d)55° 
0 4069.19 24568. 21) 
2 4132 .003 24194 .54 (?P6p)33—(2P1,6d)32° 
4 4151.267 24082 .27 (?P y6p)22—(2P 36d) 1° 
0 4220.571 23686 .83) 
3 4221.119 23683.75)| (?P1:6p)33— (2P 436d) 22° 
0 4276.56 23376.73\ (?Py36s)®P2° — ?2P,:6p) 5. 
9 4277.100 23373.78 

















5 Since it is impossible to assign L and S values to the levels, the levels were numbered 
according to their order, and the inner quantum number was given as lower index to this 
number. The odd configurations are indicated with a small zero as upper index. 
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TABLE IIL. (Continued). 





























Int. 
anniesiniginat — Nair L.A. v vac. | Classification 
M S| | 
| 0 | 4287.80 23315.43) | 

7 4288 .350 23312 .46 > | CP i6p)41 — @P 116d) 32° 

1 4288 .755 23310. 26 

6 4300 .636 23245 .86 ?P1:0p)60— ?@P1:6d)6,° 

4 4330. 239 23086 .95 CP :6p)1,—C@Py:7s)8P\° ' 

0 4362.70 22915.17 

9 4363 .275 22912.15> (?P\:6p)52— (2P1:6d)55° 

0 4363.69 22909 .97 

6 4373.018 22861 .10 ?Pi:6s)'P,° —@P6p)52 

0 4373.43 22858 .91 

5 4384.428 22801.61 | (P1:6p)4, —(2P1:6d) 22° 

0 4386 .566 22790.50 | ?Pi10p)52— (CP :6d)43° 

7 | = 4.405.253 22693.82\ | (?Py6p)1,;—(@Py7s)8P 0° 

0 4405 .69 22691 .56 

2 4424 .046 22597 .42 ?P16s)'P2° — AP y6p)4, ; 

0 4436.06 22536.21 CP 116p)52—(?P1,0d)3.° 

7 4501 .525 22208 .49 

0 | 4501.98 22206.24> | ?P115d)11° — @P13:6p)6o 

0 | 4502.56 22203 .36 | 

2 4506 .834 22182 .32 ?P1,6p)4, —(@P46d)1,° 

0 | 4526.12 22087.79) 

7 =| -4526.725 22084.85 > (:Py:6s)'P,° — @P:6p)4, 

0 |} 4527.19 22082 .55 

6 4538 .942 22025 .41 (?P,:6p)52—(@?P 36d) 2.° 

0 4539.40 22023 .17 

0 4603.11 21718 .37 

10 4603 .755 21715.33> (?P1:6s)'P2° — @Py6p)3; 

0 4604.24 21713 .04 

5 4646 .508 21515 .53 ?P:6p)22—(@Py7s)P\' 

4 4670. 280 21406.02 | (2Py16p)52—(2Py36d) 1, 

4 4732 .975 21122.47 | (2Py6p)22—(2P 47s) P, . 

6 4830.161 20697 .48 ?P1:6s)°P 2° — CP y6p)2: 

6 4952.835 20184.84 (?P116s)®P\°—(2P 6p) 22 

5 4972593 20104 .64 (P,:6p)33—(@2Py7s)3P 2° 

6 5043 . 800 19820.81 ?P 1435d)1,° —(? :P 6p) 5.2 

4 5096 .604 19615 .46 JGPu 9 a Pu 7s)°P,° 

6 5249 .373 19044 .61 (@Pu3d)1.° —(? 2p; op) 4, 

3 5306 .609 18839. 20 (2P136p)52—(2P1\7s)*P\° 

6 5370.979 18613 .42 CP 6s) IP ,° —(? Py: Op) 1, 

5 5419 .687 18446.14 CP y6p)5. — (?P137s)8 P, 

7 5563 .019 17970 .87 (?P 35d) 22°—(?2P):6p) 5» 

0 5563.73 17968 .59 

3 5814.181 17194 .57 (?P15d)2.°— (?P36p)4, 

3 5831.159 17144.51 (2P435d)1,° —(?P6p)2> 

1 5863 .701 17049 .36 (2P115d)33°—(2Py6p)5: 

2 6076.738 16451.65 CPPy 6p)60—(@ PAT 7sP,° 

4 6128 .619 16312 .38 (2P135d)2.°— (Pi 16p)35 

2 6419 .541 15573.14 (2P\15d)1,° —(?Py6p)1, 

3 6495 .528 14390 .96 (? *P115d)33° —(?P16p)33 

3 6536 .440 15294 .63 (? Py35d)2.°—(2 Py:6p)2. 

4 6955.519 14373.12 (*P15d)33° ae Py:6p)2: 
is common to all configurations lying above the 5° 'Sy ground state. The 
odd configurations are indicated by an upper index. 

II. INDENTIFICATION OF LEVELS AND CONFIGURATIONS IN Cs II 
At first inspection, the energy level diagram presented in Table I] and 
schematically in Fig. 1 exhibits a marked difference from the corresponding 
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diagram for rubidium.’ The most characteristic dissimilarity is the smaller 
number of levels which were found by Sommer, e.g., while in all rare-gas-like 
spectra, the number of the middle group of » terms is ten, Sommer found only 
five, to which this present investigation added a sixth level. The explanation 
of this difference is that due to the large separation of 5p* ?P term, which is 
the limit of these p terms, the ten p levels are split into two groups of 6+4, 
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g. 1. Energy diagram for Cs II. 


the inner quantum numbers of which are found under heading (jj) coupling 
in Table I. Comparing this table with the energy diagram for Cs I, it is seen 
that the six 5p°6p levels which are built upon the lower series limit ?P; 1,2 are 
now all located. Likewise, only that part of the other configurations has been 
found which is built upon ?P, ,,2; this is indicated in our notation by including 
the symbol *P, ,2 in the spectroscopic notation. 

From this point of view, the explanation of the additional resonance lines 
v= 122872, v= 123645, and v = 163180 is obvious (Fig. 1): they have as initial 
levels, those of the 5p5(5d, 6s) etc., configurations which are built upon ?P},>. 
In Fig. 1 all levels which belong to the limit ?P),. are drawn as dashed lines 
and are shifted slightly to the mght. 


* See Fig. 2 in reference 1. 
® See Fig. 3 under reference 1. 
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The group of six middle levels must be assigned to 5p°(?P; 1,2)6p. In the 
following diagram, (Fig. 2) we compare the separation of these levels with 
the corresponding group in Xe I, reducing, however, the Cs II separations by 
multiplication with 9120/14270, the ratio of the relativistic doublets in the 
two cases. There is no crossing over of the levels as in the case of Kr. I, Rb 
IIs’. In the limit of very high ionization, the six levels will form a group of 
two having the inner quantum numbers 12 and 0123. 

The lower group of levels must be then those due to adding a 5d and a 6s 
electron. 6s can contribute only two levels. They will have j7=2 and 1 re- 
spectively, lie close together and the one with j = 2 will be the deeper. As there 
is no other alternative, we choose the lowest two levels, namely v107392.28, 
v107904.93 as *P» and *P. 


| 








b 133154 
0 0 
SO1I9 | 
59130706 
2 c 
79213 
$12999 
789579 ) ee 
C. of G.Jof Sp°(?Piz) 5p configs. 
7840362 F 129108 
7612092 —_ 4 126090 
772706! 
Mei 
P97 126518 
Xe! CsI 


Fig. 2. The 5p*°(?Pi1/2)6p configurations of Xe I and Cs II referred to the center of 
gravity and reduced to the same magnitude of the relativistic doublet 5p’. 


As far as the identification of the 5p5(?P; 12)5d levels is concerned, the re- 
sult is rather incomplete. As Fig. 1 shows, only three more levels with J =1, 
2, 3 are definitely established, while the J values 0,1,1,2,2,3,3,4, are expected. 
It seems however that the present experimental data are too scant to locate 
additional levels. It will be remembered that in the present spectrum, only 
Sommer’s data for the visible are available, while in Rb II, Reinheimmer’s 
wave-lengths were supplemented by Otsuka’s measurements in the near ul- 
traviolet.! 

As a glance at the energy diagram (Fig. 1) shows, there is but little am- 
biguity in identifying the two lowest levels of the upper group v14912.24, 
v149605.31 as 5p5(?P 1/2)7s *P, and *P;. The fact that they lie well separated 
from the rest of the levels of that group speaks in favour of this assignment. 

The result for the 5p5(?P, 1/2)6d levels is much more complete than for the 
previous series member. We have two levels each with inner quantum numbers 
1, 2, 3, which is indeed what should be expected. Only one level with J=0 
and another with J =4 remain to be discovered. It should be remembered 
however that as the latter one gives only one combination, with the J =3 
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level of 556) there is no way to establish its existence conclusively, until ad- 
ditional configurations with which it might combine are known. 








TABLE IV. Classification of levels built — La *P\. 


Sp 5S) SPACPA)5¢, 6s| Sp @Py)Sd,6s—Sp°CPs)6p 





122872 (20) 18689 .34 (3) 1838.72 20528 .06 (6) 1129.12 21657. 19 (3) 
773 770.05 70.18 770.32 
123645 (20) 17919.29(0) 1838.61 19757.88(3) 1129.09 20886 . 87 (3) 


5p*1S,—5pi(? ‘P4)6d, 7s | 5 p*(@P\)6p—5p*(@P))6d, 7s 











163180 (7) | 21624.51 (4) 1838. 60 19785 .91 (3) 1129.26 18656.65 (0) 











It will be remembered that in the spectrum of Rb II', the separation of 
the p*s from the p'd levels was essentially helped by the consideration of the 
hyperfine structure. The hypothesis was used that levels due to an s electron 
show wider hyperfine separations than those due to p or d electrons. In cae- 
sium however, a similar consideration failed to give any help; because not on- 
ly is it to be expected that due to the much higher atomic number of caesium 
even the p electrons will split up into hyperfine structure levels, but also do 
the experimentally recorded hyperfine structure patterns occur in such an ap- 
parently haphazard fashion, that it proved to be impossible to correlate them 
in any way to the levels. The hyperfine structure data in Cs II seem much less 
complete than those in Rb II. 

From Table II the separations between the first and second series num- 
bers of *P2 and *P; are found to be equal to 41820 cm~ and 41700 cm™ re- 
spectively. With the aid of the Rydberg term tables for spark spectra,’ these 
differences were each fitted into a Rydberg sequence thus giving two inde- 
pendent determinations of the absolute term values :— 


5s(?Pu:)®P2 — 6s(2Py))3P2 = 41820; 5s(2Py)8 Pi — 65(2Py)*Pi = 41700 
3P. = 81085 3P, = 81505 
5s(?Py)3P2— 3P, = 512 
3P, = 82017 
The agreement is fair. If we take the average value of *P, = 81851, and sub- 
tract from it the AP(?P,—*P,;=512), we obtain the *P, absolute value as 


81339 cm-!. By adding the frequency of the resonance line \926.75, v107905 
(1S 9—*P;) to the *P, term value we obtain. 


1S) = 189244 cm7! 


as the calculated term of the normal caesium ion which corresponds to an 
ionizing potential of 23.4 volts. Mohler gives 21.5 +0.5 volts. It is however to 
be expected the limit determined from only the first s- terms will be somewhat 
low. The estimate is tentatively included as it seems to be well-founded. 


* F. Paschen, J.0.S.A. and R.S.I. 16, 231 (1928). 
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It was pointed out above that the additional resonance lines v122872, 
v123645 (Av=773) have as initial levels, those of the 5°(5d, 6s), while 
v163180 has that of 5p5(6d, 7s); all three combinations are built upon *Py/2. 
Sommer’s data have been gone over thoroughly for the difference 773, but so 
far except for a few differences given in Table IV, we have been unable to 
find a satisfactory system of levels. An attempt is now being made in this 
laboratory to extend the experimental data on the spark spectrum of caesium 
and it is hoped that it will be possible to locate the terms built on the *P;,2 
limit. 

At this time the authors wish to express their appreciation to Mr. John F. 
Wagner who assisted in making the photographic exposures. 
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THE THEORY OF THE EXCITATION OF ATOMIC 
MERCURY BY ELECTRON IMPACT 


By W. G. PENNEY* 
UNIVERSITY OF WISCONSIN 
(Received December 18, 1931) 


ABSTRACT 


The probability of excitation by electron impact of the four P levels (2'P;, 2°P2, 
2°P;, 2°Po) of Hg has been calculated. It is found that, although with increasing 
velocities the excitation of two of the triplet levels vanishes compared with that of the 
singlet, that of the middle triplet level approaches a small constant value (1/25), 
which can be calculated from the singlet-triplet separation. It is also possible to cal- 
culate the number of dispersion electrons f for these transitions by the use of approxi- 
mate wave functions. Although the absolute magnitude of f is too large by a factor 2, 
the relative magnitudes are fixed by the singlet-triplet separation and are in good 
agreement with experiment. An estimate is made of the relative probability of ex- 
citation of all four P levels for fairly slow electrons, and these are roughly all of the 
same order of magnitude, the ratios at 10 volts being 7.0:3.5:1.9:0.4. The variation 
of the cross sections with voltage are shown in the figure. A brief comparison with 
experiment is given. 


HE theoretical treatment of the problem of the excitation of atoms by 

electron impact is one which has recently attracted a great deal of 
interest. Considerable success has been obtained but there are so many differ- 
ent factors entering into the theory that it is difficult to take account of them 
all. Neglect of any one of these will tend to spoil agreement with experiment 
under any conditions where this particular feature is of importance. For ex- 
ample, when the velocity of the exciting electrons is high the effect of elec- 
tron interchange can be neglected and the incident and scattered electrons 
can be considered as plane waves, but this is not the case for slow electrons. 
The importance of taking into account electron exchange has been shown by 
Oppenheimer! and Massey and Mohr,’ the latter authors having worked out 
the scattering in atomic hydrogen and helium. They obtain very good agree- 
ment with the experimental results for the variation with velocity of the 
effective cross sectional areas corresponding to transitions of the atom to 
various excited states. Faxen and Holtsmark,’ Holtsmark‘* and Allis and 
Morse® have considered the scattering of slow electrons by collision with 
atomic systems, without however, taking into account electron interchange. 
They find a large variation of the cross section with the velocity, in agreement 
with experiment. 


* Commonwealth Fellow. 

1 J. R. Oppenheimer, Phys. Rev. 32, 361 (1928). 

2H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. A132, 605 (1931). 

3H. Faxen and J. Holtsmark, Zeits. f. Physik 45, 307 (1927). 

4 J. Holtsmark, Zeits. f. Physik 48, 231 (1928); 52, 485 (1929); 55, 437 (1929) ; 66, 49 (1930). 
5 W. P. Allis and P. M. Morse, Zeits. f. Physik 70, 567 (1931). 
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As is well known, the spectrum of a two-electron system, such as helium or 
mercury, consists of singlets and triplets. If the spectrum is excited op- 
tically, then on account of selection rules, the singlet levels do not combine 
with all of the triplets. If the method of electron impact is used to excite the 
atom, there results immediately the possibility of exciting the atom into any 
one of the triplet levels as well as into the singlets. This arises on account of 
the rearrangement of the electron spins, accomplished by an interchange be- 
tween an atomic and the incident electrons. The interesting thing to be cal- 
culated is the relative excitation probability of the four P levels (viz., 2'P:, 
2°P», 2°P;, 2°Po.) of mercury, this being chosen because it is easy to work 
with experimentally. The following investigation attempts to extend the cal- 
culations of Massey and Mohr in two directions. Firstly, according to their 
calculations, the probability of excitation of the triplet levels becomes 
vanishingly small as the electron velocity is increased. Actually we shall show 
that for inter-system lines it approaches a fairly small asymptotic value be- 
cause the wave functions appropriate to these levels are not entirely anti- 
symmetric in the orbital part alone. Secondly, we shall make an estimate of 
the relative probabilities of excitation of all three components of the triplet 
and compare them with that of the singlet. In order to preserve uniformity of 
notation we shall follow Massey and Mohr as closely as possible. 

According to Dirac® the first order cross section for excitation of an atom 
from state 7 to state m, is given by 

Anm = 8x mh’ /htk’ >>| (n, k, m.e| V| m, k’, m,’) | *. (1) 
MisMs 
Here kh/2xm and k'h/27m are the electron velocities before and after impact 
and V is the interaction energy. m, and m,’ represent the spin of the incident 
and scattered electron quantised along some axis, for convenience the same 
as in the m,;,, mg representation for the atom. The effective cross section for 
ail angles of scattering is then 


A= f Anm sin 6d6 
0 


where 6 is the angle of scattering. 

In order to obtain the correct form for the wave functions of the complete 
system we must take combinations of atomic wave functions and plane 
waves, representing the incident and scattered electrons. We write 


™ ; Sa Pm 
(1, 2, 3) = ettmorrey(1, 2) ° + ettmoriy(2, 3) “* + ettmovrey(3, 1) “* (2) 

58s 5p, 5B, 

It is now necessary to consider the wave functions of the mercury atom. 


WAVE FUNCTIONS OF THE HG AToM 


The problem of the choice of suitable wave functions for the S and P 
levels of the mercury atom is one to which only an approximate answer can 


6 P, A. M. Dirac, Quantum Mechanics p. 179. 
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be given. We adopt the method of Slater,’ writing the radial wave function 
for any electron in the form 


R(r) = Ne lererl® 1 ey /tZ + Ae/ PZ? + + |, 


where [Z/n*]? is the ionization potential for this electron in terms of Rh, and 
A, = —(n*/2n) [(n* —n)(n* —n+1)—l(1+1)]A,-1. The radius r is measured 
in terms of do, the radius of the first Bohr orbit in hydrogen. In our problem 
we retain terms up to A,. We adopt the value Z = 1.65 for the s electrons in 
the ground state, 0.35 being Slater's estimate as to how much the electrons 
shield each other, and Z=2, Z=1 for the s and # electrons respectively in the 
excited P states. For the ionization potentials we take 10.4, 18.98 and 5.3 
volts respectively, the last being chosen to give about the correct position of 
the four P levels. On substituting these values and introducing the angle 
variables we find for the three types of wave function 


Ws, S) = Roo(r)/(4n) "2 = (1.51/(4x)1/2)r°-87e-9-88°(1 — 0.92/r), 

Vs, P) = Rorlr)/(4m)¥/2 = (3.03/(40)/2)r-%e-1-18°(1 — 0.50/r), 

¥(p, P) = Ro(r) Pi™(cos @)eim? 

(0.421(3/4x(1 + m)!)1/r96e-0-62(1 + 0.83/r)Pi™(cos B)eime. 


To satisfy the antisymmetrical condition for the complete wave functions 
(i.e., inclusive of spin) it is necessary to take combinations of these simple 
functions. Houston® has shown that the S level can be written 


Ys(1, 2) = Roo(1) Roo(2)1/2"/*(SaySs_ — SasSay)s (3A) 


and the four P levels 
4 


Yrim = doa ijMPijM (3B) 


i=1 
and he gives formulae for the coefficients a. Here M is the component of j 
along some slight external field, assumed to remove degeneracy, and 


diu(1, 2) = 2-2 Po 1) Roi(1) P,"(2) Rur(2) ee? 
+ Po(2)Roi(2) P,“(1) Rir(1) e*:]2-/2(S.,.53, — SaSa,), 


gom(1, 2) = 2-¥/?[Po°(1) Roi(1) Pr?"(2) Rur(2)ei#-Ver 
- P,°(2) Ror(2) PP, -"(1) Rute! % |S 0 Says 
baa(1, 2) = 2-/2[ Po(1) Roi(1)P,“(2) Rir(2)ei*: 


— PoX(2)Rox(2)Pe"(1) Ru( 1)e™*1]2-4(S0,S95 + SesSp.) 
2-1/2] Po(1) Roi(1) P+ 1(2) Ry (2) e844 1)¢3 
_ P,(2) Roi(2) Pi™*(1) Ru( e+ |S 5 Sp,. 


7 J.C. Slater, Phys. Rev. 32, 349 (1928); 57, 36 (1930). 

® H. N. Russell, Astrophys. J. 70, 11 (1929). 

® W. V. Houston, Phys. Rev. 33, 297 (1929). Alternative schemes may be given correspond- 
ing with those of E. Wigner, Gruppentheorie p. 208, J. H. Bartlett Jr. Phys. Rev. 34, 1247 
(1929); 38, 1623 (1931); and N. M. Gray and N. A. Wills, Phys. Rev. 38, 248 (1931). A little 
care is needed to be consistent in the definition of matrix elements and differential operators as 
they are different in the different schemes. 


daa(1, 2) 
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The coefficients a are given in Table I. 





TABLE I, 
S=0 S=1 S=0 S=1 
My ay ay as ay My;> ay dy ds a4 
1 10.979 0.15 0.15. 0 “2 | e 1 0 0 
| 0 0.979 —0.15 0 0.15 1 0 —0.707 0.707 0 
—-1 0.979 0 0.15 0.15 0 0 (|-0.41 0.82 —0.41 
yp = | = 0 0 0.707 | —0.707 
—2 0 0 0 ‘2 
1 |0.207) 0.69! 0009/0 sp, 
0 | 0.207 -0.69) 0 | 0.69 | 
| -1 | 0.207 | 0 0.69 0.69 | 0. |. o | 0.577 0.877! 0.577 


DISPERSION ELECTRONS 


In order to test how good an approximation the radial wave functions are, 
we have calculated the number of dispersion electrons f per atom!’ for the 
transitions 11'S —2'P;, 1'S)—2°P). In our notation 


f = (2p sn) f Roolr)Ro(nritdn f Roles) Ru(rayrfdrs| 9 


v being the frequency of the radiation associated with these transitions. We 
find 2.0 and 0.066, while the experimental values are 0.96 and 0.0255.'! The 
agreement is satisfactory but shows that the value for a, for the level 2°P, 
is too high, it being 0.207 according to Houston's formula instead of 0.185 
from the experimental data. Since the f values are too large by a factor 2 we 
can expect the cross sections calculated from the same wave functions to be 
too large by a similar factor and this is what is found. However, as we are 
interested mainly in relative magnitudes, this is not a serious matter. 

Substituting the atomic wave functions (3A) and (3B) in the expression 
(2) we obtain the wave functions for the complete system. Putting these in (1) 
for the cross sectional area and summing over the spins, it is found ” 


10 See for example R. Ladenburg, Zeits. f. Physik 4, 451 (1921) and Y. Sugiura, Phil. Mag. 
4, 495 (1927). 

" R, Ladenburg and G. Wolfsohn, Zeits. f. Physik 65, 207 (1931). 

® The physical interpretation of this formula is as follows. The first term represents an 
electron coming away from the impact with the same spin as that of the incident electron; the 
second and third terms represent a turning over of the spin, the effect of which is to add or 
subtract 1 from M. To obtain the formula it is necessary to write out a large number of terms. 
The reader will have no difficulty in obtaining the result quoted if he will write out in full the 
following steps. 


a ~ 
(S, k, Se’ | V | P, k’, S..) = f vao| > Pry(1, 2ei-nSes]f > Prise’ tn Sas doa Moi M | 
t=1 
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Asp = k’/k|| alFe — Gu) + asga| +) aogyea) 2+ | aagarss | ?], 
where 


Fy = 2arm(2r)!%e2ay2h-? f owt 1, 2)Vws(1, 2ei bro hy) -"adg, 


~ 
2 
a 
d 
II 


2arm( 2r)! 2e7ao7h 2 f owe 3) Vysl ;. D)eithnorts kn rt dy, 


and gy is the same as Gy except that @2 is substituted for ¢; in the integrand. 
These ¢ are just the orbital wave functions, the spin functions being omitted. 
no and mn are unit vectors along the direction of motion of the incident and 
scattered electrons. To find the effective cross sectional area of the atom we 
must integrate over all angles of scattering and sum over all values of V. 
Now, as shown by Massey and Mohr’, the integrals gy and Gy are much smal- 
ler for .1J =0 than for any other values of ./ and therefore we can write with 
sufficient approximation 


Aspy = (Rk! k) | aly — Gy) + adsgy P+ | dog + Gages a 


RELATIVE CROss SECTIONS FOR FAST AND SLOW ELECTRONS 


Several interesting features come immediately out of this formula. For 
the level 2°P;, a; is small and for 2°P»2, 2°Po, a, is zero. Remembering that go 
is the only g that counts, we find by using the table that the relative cross 
sections for these three levels for slow electrons are in the ratio 3:5:1 re- 
spectively. This conclusion is not quite exact since the excitation potentials 
are not quite the same for all three. This ratio should be roughly that of the 
maxima of the peaks for the three triplet levels and since g falls off rapidly 
with increasing velocities, measurements at any velocity will always weight 
a higher energy level over a lower. The excitation probability decreases 
rapidly with increasing velocities and for 30 volts g and G are very small. 
Hence for fast electrons it is only the F term which gives anything, so that, 
although the 2'P, level still remains strong, the only other one left is 2°P,, 
with intensity about 1/25 that of the former, and this ratio should persist 
for all higher velocities. This latter conclusion can be clearly seen in the ex- 
perimental results of Larché" on cadmiun and zinc. One would expect quite 
similar results in the case of mercury. If it were not for the cascade effects the 
experimental value for the number of dispersion electrons would fix the rela- 
tive cross sections for fast electrons for 2'P, to 2°P; at 34:1. 








where >> Pi2; means sum over the permutations of electrons 123 as exhibited in Eq. (2). On 
account of the spin integration the only non-vanishing terms are those from ¢ and @; and the 
contribution of this matrix component to the cross section (1) is (k’ 2k) a,(Fu—Gu) +asgu ? 
The component (.S3,; S3,) gives a similar amount and (Sq,; S3,), (S3,; Sa,;) the second and third 
terms respectively. 

18K. Larché, Zeits. f. Physik 67, 440 (1931). 
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RATIO OF SINGLET TO TRIPLET FOR INTERMEDIATE SPEEDS 


In order to obtain an idea of the relative magnitude of the singlet to 
triplets for slower electrons it is necessary to evaluate the various integrals. 
The integration over the angular coordinates is exactly the same as that ex- 
plained by Massey and Mohr.’ While it is possible to obtain F satisfactorily 
g and G are very complicated. In the first place the nodes in the wave func- 
tions are of importance. Moreover, it is necessary to consider at least the 
first two terms in the expansion of 1/7;2 in associated Legendre polynomials. 
The simplest type of integral occuring is 


| i) rie br.( J +c 1) ST spl kri) yo Vs, ro) rete fr2(1 + g ro) J yo k're)dridro, 
0 ( 


where y,(/1, 72) is of the form 7,"/re’t! or r2”/r,"t! (v integer), according as re 
or r; is the greater. The only possible method of evaluating the integrals 
seemed to be to choose a velocity and then evaluate them numerically. When 
this is done there is still the integration over 6. Only rough accuracy there- 
fore is claimed. 

To obtain some idea of the physical meaning of the fact that although F 
decreases only slowly with velocity, G and g decrease rapidly, we may roughly 
describe the state of affairs as follows. F measures the chance that an elec- 
tron, represented asa plane wave of a certain wave-length and extending from 
+x to —® through the atom, should change over into another plane wave 
of slightly different wave length, also extending from + © to — » but moving 
in a different direction. If the angle between the directions of motion of the 
two electrons is small the two waves are nearly the same, and there is quite 
a good chance that the influence of the atom will cause the transition. Di- 
rectly the angle increases the waves differ appreciably and the chance of 
transition decreases rapidly. We see now why most of the scattered electrons 
are not deviated much from their original direction and this is particularly 
the case at high velocities. G and g represent quite a different effect; their 
interpretation is that an incident plane wave should be changed over into an 
atomic wave function and at the same time an atomic wave function be 
changed over into a scattered plane wave. This is easy when the wave- 
lengths of the electrons (i.e., the electron velocity small) are greater than the 
diameter of the atom but it becomes increasingly difficult as the electrons are 
speeded up, and directly there are two or three wave-lengths in atomic 
dimensions G and g drop nearly to zero. 


COMPARISON WITH EXPERIMENT 


The general behavior of the excitation probabilities is shown in Fig. 1. 
The agreement with the experimental values is good although there are no 
really satisfactory measurements available. I have to thank Professor J. T. 
Tate for the information that the relative probabilities of 2*P,:2*P2:2'P, are 
quite materially functions of the electron speed and at 10 volts are in the 
ratio 2.26:3.5:6.6 (the calculated values being about 1.9:3.5:7.0). The 
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probability of 2*Po is very small indeed (we find 0.4). Moreover at this energy 
2'P, is increasing while the others are decreasing. These measurements apply 
only to those electrons which are not deviated much from their forward 
path by impact. Whitney" and Foard" have also made measurements on the 
energy losses in mercury vapor and their experimental results are in good 
agreement with our conclusions. Foard succeeded in resolving the 4.9 and 
5.5 groups but only for primary voltages of about 6 volts. Referring to Fig. 1 
it is seen that this is the most suitable region for resolution, the losses being 
not very different and quite large and the 6.7 loss not present at all. Whitney 
did not attempt to resolve the triplets but grouped them all together. His 
curves for the variation of cross section with voltage agree very well in char- 
acter with ours but seem to attach more importance to the triplet levels at 


Relatwe Cross Sections 
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Fig. 1. 


low voltages than we do. However the measurements are so difficult that 
there is no finality at present. Since we have considered only first order cross 
sections the agreement is extremely good. As far as the absolute magnitude 
of the cross section is concerned, it seems that the values obtained are too 
high. The experimental cross section for all types of collision is about 107a,? 
at 200 volts and 67a,° at 400 volts. For the 2'P, level we get 37a,? at 200 volts 
and 27a," at 400 volts, while it is even greater at smaller velocities. That 
excitation to one excited level, even though that be easily the most important, 
should account for } or more of the total cross section seems too high an 
estimate. Apparently the error is due to the use of wave functions with in- 
sufficient nodes. 

In later papers it is hoped to investigate the polarization of the hyperfine 
components excited by electron impact and also to extend these calculations 
to higher order cross sections. 

I should like to express my thanks to Professor J. H. Van Vleck for many 
helpful suggestions during the course of this work. 


4 J. D. Whitney, Phys. Rev. 34, 923 (1929). 
168 C, \W. Foard, Phys. Rev. 35, 1187 (1930). 
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ABSTRACT 


The shot effect in space charge limited currents from tungsten and thoriated 
tungsten has been investigated. The effective fluctuation level is recognized, in 
general, as the combination of a depression due to pure space charge, and an elevation 
due to the liberation of electrons by positive ions. The magnitude of the elevation 
may be such as to carry the fluctuation level far above that for the same current under 
temperature limitation, or it may simply alter the form of the depression curve. The 
abnormal fluctuations observed have been analyzed, and their cause traced to inherent 
mixed emission from the metal surface. The effect of age and heat treatment has been 
studied for specimens of tungsten. A double grid tube has been used for obtaining a 
space stream consisting solely of electrons, and the conditions determined under which 
this stream is governed by the laws of pure chance applying in the simple shot effect 
theory. With this arrangement space charge measurements of fluctuations can be 
made over a considerable range with the same degree of precision attainable with 
temperature limited currents. Considerations involving statistical correlation be- 
tween instantaneous values of the anode current provide a possible theoretical basis 
for the space charge depression of shot effect. This treatment yields an expression for 
the ratio of the mean square value of the fluctuation voltage under given space charge 
conditions to that under strict temperature limitation of the current: 


V2/V2 = finer 


iy is the space current, 7, the saturation current, or total emission associated with a 
particular emitter temperature, and their ratio characterizes the space charge situa- 
tion. It has been shown that in the absence of abnormal effects, the depression of the 
mean square fluctuation voltage which results is independent of the frequency, w/27, 
at which it is measured. This conclusion provides information regarding the spread of 
the correlation function defined in the theoretical section. A relation showing the fluc- 
tuation depression proportional to the square of the current depression under space 
charge is indicated. 


1. 


HE study of ‘spontaneous current fluctuations which occur in a circuit 

containing a thermionic element has given rise to new problems of con- 
siderable interest concerning the nature of the emission, and the passage 
through space of the charged particles. Treated theoretically first by Schot- 
tky! and later by Furth,? Ornstein and Burger,’ and Fry‘ these manifestations 
of the atomic nature of electricity have come to be grouped under the general 
designation of the “shot-effect”. 


LF 


' Schottky, Ann. d. Physik 56, 541 (1918). 

2 Firth, Phys. Zeits. 23, 354 (1922). 

3 Ornstein and Burger, Ann. d. Physik 70, 622 (1923). 
4 Fry, Jour. Frank. Inst. 199, Feb. (1925). 
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A technique of experimental investigation first successfully carried out by 
Hull and Williams’ involves the use of a frequency selective screen grid va- 
cuum tube amplifier of four or five stages. The thermionic current is caused to 
flow through an external tuned circuit of high impedance, and the fluctua- 
tions in potential across this unit are impressed upon the grid of the first am- 
plifier tube. With a modification of the formula derived by Schottky for the 
mean square value of the fluctuation in potential, adapted to the particular 
circuit in use, Hull and Williams succeeded in determining the charge of the 
electron within a probable error of less than 1 percent. 

Extension of this work and improvement of the technique has been re- 
ported in several recent papers. Particular mention should be made of the in- 
troduction of the aperiodic shot circuit,® the measurement of the charge car- 
ried by the K+ thermion,’ and the studies in abnormal shot effect which have 
been carried out during the past year.*:® 

It has been the practice to refer to those effects as abnormal where the con- 
ditions underlying the theory are not fulfilled, and where, as a result, the 
value of the electronic charge computed in the customary way departs from 
the accepted value. 

The results of Johnson" at low frequencies have been interpreted by him, 
and further analyzed by Schottky" on the basis of an independent effect due 
to secular changes in the emission characteristics of the cathode. 

Following are enumerated in brief form the essential postulates which 
must be fulfilled by the thermionic discharge under the normal shot effect 
theory. Experiment should provide: 


(1) Emission consisting entirely of similarly charged carriers (electrons 
or ions as the case may be). 

(2) Complete evacuation of the space surrounding the emitter. 

(3) Random distribution of emission over the surface of the emitter. 

(4) Random distribution of emission in time. (The number of electrons 
escaping from any section of the emitter in a small element of time should be 
independent of the number escaping from other sections and during adjacent 
time intervals. Only under these conditions do the simple probability rela- 
tions apply to the emission.) 

(5) Full reproduction at the collector of the random distribution of the 
emission. This involves the absence of interaction between carriers during 
their passage, and is realized only when the thermionic current is strictly 
“temperature limited”. 

(6) Freedom from sources of fluctuation in the circuit other than those 
due to the discreteness of charge of the particles. 


5 Hull and Williams, Phys. Rev. 25, 147 (1925). 

6 Williams and Vincent, Phys. Rev. 28, 1250 (1926). 

7 Williams and Huxford, Phys. Rev. 33, 773 (1929). 

§ Donal, Phys. Rev. 36, 1, 172 (1930). 

® Kozanowski and Williams, Phys. Rev. 36, 1,314 (1930). 
10 J. B. Johnson, Phys. Rev. 26, 71 (1925). 

" W. Schottky, Phys. Rev. 28, 74 (1926). 
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The complete realization of the situation outlined by these postulates is, 
of course, impossible. By the use of well-evacuated tubes, low current den- 
sities, and high fields, the assumptions may be met to a degree of approxima- 
tion within the limits of the experimental error. This was accomplished in the 
original work on the electronic and ionic charge. 

It was early observed that when either the current density was large or 
the potential difference small, the mean square voltage fluctuations V? fell 
below the value indicated for the nermal shot effect. 

The presence of even a small amount of gas in the tube was found to be 
responsible for abnormal effects of enormous and rather uncertain magni- 
tude. With some types of emitters, particularly those employing a coating of 
barium and strontium oxides, elevations rather than depressions of the value 
of V*, were also observed when space charge limitation obtained. This effect 
was traced to the liberation of electrons from space charge by positive ions. 
By the device of mounting an electron emitter and a positive ion emitter in 
the same tube, the source of these abnormal fluctuations was definitely estab- 
lished by Kozanowski and Williams." 

It has been the aim of this research to investigate the effects of electron 
space charge on the fluctuations in a circuit carrying a thermionic current 
from tungsten and thoriated tungsten emitters. 

In part, the observed decrease in fluctuation level with increasing space 
charge density finds its explanation in the cutting off of a certain fraction of 
the electron stream. Electrons whose velocities of emission are insufficient to 
carry them against the reversed field to the potential minimum of the space 
charge region will eventually be returned to the cathode. These, of course con- 
tribute nothing either to the average value of the anode current or to the fluc- 
tuations in the external circuit. 

However, it appeared that the reduction in fluctuation level was more 
rapid than the change in current ratio would warrant. A theory proposed by 
Uhlenbeck sought to expiain this behavior on the basis of statistical correla- 
tion between instantaneous values of the anode current. One consequence of 
this hypothesis is the prediction of a change of the space charge depression as 
the frequency of the amplifying system is changed. 

Experiments made during the summer of 1930 by the writers and Kozan- 
owski seemed to provide some evidence of a trend with frequency. The range 
between 54,000 and 190,000 pps was covered in these tests. Commercial 
tubes having thoriated tungsten filaments of the inverted “V” type were 
used, the grid and plate being connected together so as to form a two-ele- 
ment tube. From the inconsistencies and wide variations in results however, 
it became evident at the start that it would be necessary to find ways of ana- 
lyzing these variations, and elimination of the errors which they introduce. 
Discrepancies as wide as five to ten percent were observed under experimental 
conditions which were reproducible certainly within two percent. 
Commerical tubes with tungsten filaments were next investigated, and 


 Kozanowski and Williams, Phys. Rev. 36, 1314 (1930). 
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irregularities of the same general character observed. It appeared that the net 
depression might be the resultant of opposing influences, at least one of which 
was not consistent from one test to another. From previous work it was 
thought that the tendency to elevation of the fluctuation level might be 
traceable to the action of positive ions in electron space charge. Since the 
effects persisted at potentials below the lowest possible ionizing potentials, 
and since they were observed in notably “hard” commercial tubes, an impure 
emission was suspected as the underlying cause. A program of experiments 
was then undertaken with three main objects in view: 


(1) To demonstrate the presence of positive ions in the emission and to 
show that the observed irregularity was produced by their action on the field 
in space charge. 

(2) To devise a means of obtaining pure electronic emission governed by 
the laws of probability. 

(3) If the second object could be realized, to study the effect of pure elec- 
tron space charge on the normal shot effect with especial reference, as indi- 
cated in the theory, to the frequency dependence of the depression ratio and 
its connection with the total emission or saturation current. 


2 


APPARATUS AND EXPERIMENTAL PROCEDURE 


LF 


It is necessary here to make brief reference to the experimental arrange- 
ment used in this work and the type of measurements undertaken. A five 
stage, screen-grid amplifier with tuned impedance coupling formed the es- 
sential unit. The amplifier with all auxiliary circuits is mounted in a double 
mesh screened cage within which the experimenter works. An oscillator for 
calibration and impedance measurement is located in a separate smaller cage 
several meters distant. 

The amplifier response is detected by a 1000 ohm thermojunction coupled 
with a few turns of wire to the coil in the plate circuit of the last stage. The 
associated galvanometer reading is proportional to the square of the junction 
current, and therefore to the square of the output voltage. For a standard 
input, the current from the oscillator is passed through an inductance poten- 
tiometer of accurately concentric cylinders. The potential drop may be com- 
puted from the length used, and provides high frequency voltages of the re- 
quired order of magnitude. The current in ‘this circuit is read by a Western 
Electric type 20-D vacuum thermocouple and galvanometer. Strict propor- 
tionality between this reading for various currents and that of the output 
galvanometer indicates a linear characteristic for the amplifier. If this is 
maintained and checked at intervals, the absence of appreciable regeneration 
is assured. 

When measurements involve absolute determinations, as of the electronic 
charge, the amplifier must be calibrated and the area under its resonance 
curve accurately determined. It is of course essential that this factor remain 
unchanged during the course of a series of readings. 
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The fluctuation circuit is enclosed in a copper box shield. The plate po- 
tential is supplied by a bank of dry cells in convenient 45 volt blocks with 
continuous variation provided by a potentiometer arrangement. The space 
current, indicated by a Weston four range microammeter, is passed through 
a wire resistor, R of about 30,000 ohms. The emitter is heated by a storage 
battery of 2-12 volts. The cathode, the high potential side of the anode 
circuit, and the shield are all maintained at ground potential for high fre- 
quency currents by the use of suitably located by-pass condensers, each of 
1 mf capacitance. 

The observed magnitude connected with the fluctuations is the deflection 
of the output galvanometer, Gp». This is a measure of the mean square output 
voltage, F?, and EF? is directly proportional to the mean square input volt- 
age, V*. It was shown by Williams and Vincent that for the aperiodic shot 
circuit 
E? = 2Ao*A€iZ? (1) 
where A, is the voltage amplification at the resonant frequency, A is the area 
under the relative response curve of the amplifier, € the electronic charge, Zo 
the mean emission current, and Z the parallel impedance of the input cir- 
cuit, measured at the natural frequency of the amplifier. 

If the fluctuation current be expressed in a Fourier series, we find for the 
mean square value of the kth component of the input voltage, 


_ Wk 
| k? = 4( At = 22Z 1.7€ ig 





2rk 
(see appendix, note 1, Eq. (9)) 


Since in Eq. (1), the factors A and Ao are constant 
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The “depression ratio” is then given by 


(V2). = | (2) 
(V2), (Go), 7 a . 





where the subscript s refers to a particular space charge limited current, and 
t to the temperature limited current at the same temperature of the emitter. 

In practice the deflections of the galvanometer are not constant, but show 
a continual variation covering usually less than 5 percent of the scale. Read- 
ings may be determined either by watching the path of the scale in the tele- 
scope for perhaps 30 seconds and making a mental average, or by arithmeti- 
cally averaging a large number of independent readings taken at random. The 
former method has a considerable advantage in the amount of time required, 
and was used in most of the work. The difference between the values of the 
deflection arrived at by the two methods is insignificant. The estimated maxi- 
mum error for either is about 1 percent. 
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le impedance of the shot circuit is measured in essentially the following 
way. Current from the oscillator tuned to the peak frequency of the amplifier 
is passed through a standard variable condenser, and measured by means of 
a W. E. vacuum thermocouple. The drop across this unit is impressed upon 
the shot circuit, and the impedance calculated from the resulting current. The 
thermocouples used in these measurements are calibrated on the alternating 
current bridge described by Williams and Huxford.” 

For temperature limited currents the maximum error estimated for this 
last determination is } of 1 percent. In space charge measurements there 
seems no reason to question the validity of the method unless the impressed 
alternating electromotive force used in the impedance measurement becomes 
comparable to the potential difference between the electrodes of the tubes. 


$3. 
ABNORMAL FLUCTUATIONS IN SPACE CHARGE LIMITED CURRENTS 


The fulfillment of the requirements mentioned in the first section for the 
study of fluctuations in space charge limited currents has been accomplished 
only through the introduction of additional means of control of that current. 
It was at first thought that the solution to the problem lay in simplification. 
In the preliminary work with commercial tubes of the 201-A type the grid 
and plate were connected together, forming essentially a two-element tube. 
The shape of these elements was recognized as unfavorable and the resulting 
effect on the field uncertain. It was expected however that any particular 
space charge condition, whatever its nature, could be reproduced by the suit- 
able re-setting of the filament current, space current and plate potential. 

As a matter of interest, and for the sake of continuity, mention is made here 
of the first attempts in the direction of simplification. A two-electrode tube 
was constructed with concentric cylindrical elements of the following dimen- 
sions: 


Diameter Length 
Filament Tungsten 0.1 mm 24 mm 
Plate Nickel 16 mm 29 mm 


The tube was sealed onto an evacuating system and the pressure reduced to 
10-5 mm of mercury. The unit was then baked with an electric furnace for two 
hours at about 350°C. The metal parts were outgassed by heating to a bright 
red heat with a high frequency induction furnace. During the process the fila- 
ment was heated continuously, and in the final stage of the treatment a cur- 
rent twenty percent greater than any planned for subsequent operation was 
used. Two magnesium “getters” were mounted at right angles to each other 
so that one could be flashed after the outgassing had been completed, while 
the tube was still on the pump, and the other after it had been sealed off. The 
abnormal effects observed—namely, elevation of the fluctuation level in space 
charge rather than the depression indicated by the theory—were attributed 
° 


8 Williams and Huxford, Phys. Rev. 33, 773 (1929). 
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at first to the evaporation of the sputtered film of magnesium on the filament, 
which resulted from flashing the getters. 

The obvious means of avoiding this difficulty was to eliminate the use of a 
getter entirely. When this was done the desired pressures could be maintained 
only by continuous operation of a mercury pump. Tubes of identical construc- 
tion with the one described above were sealed to a pumping system which was 
connected by a large tube to an outlet within the shield box of the shot cir- 
cuit. A coil type liquid air trap prevented the diffusion of mercury vapor from 
the pump or the McLeod gauge used to indicate the pressure. Outgassing and 
baking were carried out as before and pressure readings less than 10-® mm of 
mercury were mainiained during the periods of observation. 

It became apparent at once that even with the possibility of gaseous ioni- 
zation and evaporation of sputtered films eliminated, abnormal space charge 
effects remained. The character of the abnormality was such as to indicate 
strongly an emission of mixed nature, and further study was made in verifi- 
cation and enlargement of this view. Similar effects have been observed by 
KXozanowski in the emission from oxide-coated cathodes, and here the dis- 
turbance was definitely traced to the simultaneous emission of positive ions 
and electrons. The influence of an ion upon the field in its vicinity is connected 
with its mobility. A simple calculation based on the kinetic theory yields the 
result that this effect for a positive ion of mass M is on the order of 140 (1)? 
times the effect of an electron. As a consequence, it can be shown that fluc- 
tuations of many times the normal level are to be expected as a result of the 
release from space charge by a single ion, of many electrons. 

In reports by L. P. Smith" and H. B. Wahlin® the emission of positive 
ions by hot metals has been presented. Mass-spectrograph measurements with 
tungsten and molybdenum show that as the temperature is raised, first, ions 
of atomic mass corresponding to the alkaline earth metals are given off. Later, 
ions of greater atomic mass, and finally, ions of the metal itself, are evolved. 
It is difficult to explain the appearance of ions other than those of the metal 
specimen under observation unless those substances are present as impurities. 
Wahlin reports the persistence of the specific ion in a large group of metals 
while the emission of other ions is of a more transient character. 

The tungsten obtained for the emitters in the present work was specified 
as chemically pure by the manufacturers. This apparently indicates only that 
precautions are taken during its manufacture to avoid contamination. Wire 
from two different sources was tried with no marked difference apparent in 
behavior. 

A set of curves showing the effect of age and heat treatment of the tube is 
given in Fig. 1. A constant space current of 500 microamperes was main- 
tained by raising the filament temperature as the plate voltage was reduced. 
Above thirty volts the curves are all seen to converge toward the common 
level for temperature limited currents. In the early stages of the tube history 


4 Smith, Phys. Rev., 33, 381 (1930). 
% Wahlin, Phys. Rev. 37, 467 (A) and 473 (A) (1931). 
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no depression below this level is indicated. This simply means that the eleva- 
tion due to release of electrons by positive ions is greater than the depression 
which might occur in the absence of such disturbing influence. 

During the interval indicated between C and D the filament was operated 
at 1.2 amperes with a negative potential of 200 volts applied to the plate. After 
this treatment an actual depression was observed for the first time. It will be 
noted however that as the filament current was increased (to maintain con- 
stant space current) the trend of the curve turns upward. This is also ap- 
parent in the later curves. In general as the temperature approached that at 
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Fig. 1. Fluctuations in space charge limited currents from tungsten. Space current main- 
tained constant by raising filament temperature. Curves A — F represent successive stages in 
aging and heat treatment of specimen. All approach normal shot effect level when current be- 
comes temperature limited. A—First heating of filament. B—After first outgassing. C—After 
repeated outgassing, pressure 10-° mm—20 hrs. D—Filament aged 30 minutes, E, = 2002, 
I;=1.2 amp. E—Filament aged 3 hours. F—Filament aged 9 hours. 


which the aging process was carried on the depression gave way to an eleva- 
tion. Curve F represents somewhat of a limiting situation, and subsequent 
data clustered around the level indicated at this stage after nine hours aging. 

From the form of the curves of Fig. 1, it was recognized that changes in 
the emission characteristics of the filament were in large measure responsible 
for the elevation of the fluctuation level observed at low voltages. It should 
be pointed out that the excessive positive ion emission indicated in these 
tests results from the abnormally high temperatures necessary to maintain 
constant current under heavy space charge limitation. Indeed, it is probable 
that in this range, appreciable currents can be secured largely by virtue of 
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neutralization of space charge by positive ions. Emission of this character, 
while of interest in connection with the present work would rarely be met in 
the normal operation of tungsten emitters. The possibility was considered 
that high temperatures alone might bring about changes in the emitting sur- 
face which could be the sole cause of the large fluctuations. 

As a test of this question the transition between temperature limitation 
and space charge was carried out another way—with constant emitter temper- 
ature. The space current in this case varies with the applied voltage as shown in 
curve A, Fig. 2. On this account alone the fluctuation level as shown by the 
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Figs. 2 and 3. Abnormal fluctuations observed in space charge region when filament 
temperature is held constant. The persistence of a peak is evidence of mixed emission at normal 
operating temperatures. Curves A and B, Fig. 3, correspond roughly to curves C and D, Fig. 1. 


output galvanometer would be expected to decrease proportionately as Ep 
is decreased. Previous experience under space charge conditions indicated a 
still more rapid decrease of V®. Interest in this case centers on the peak which 
appeared to break the regular fall of the Go curve when plotted against Ep. 
Since no change was made in the filament temperature we are forced to the 
conclusion that this is due to some cause inherent in the emission. In Fig. 3 
two curves are shown which correspond in a rough way to curves C and D in 
the “constant current” group. A definite decrease in the height of the peak is 
coordinated with a period of aging the filament with a large negative potential 
on the plate. It is significant that the position of the maximum is not changed 
by this treatment and is therefore a function only of the space charge situa- 
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tion in the tube and not of the emission characteristics.* The magnitude of 
the peak on the other hand is associated, as was expected, with the rate of 
emission of positive ions. From this, correlated with evidence presented in the 
preceding sections, we feel that the only contribution of an increase in emitter 
temperature is the increase in specific emission, both of electrons and positive 
ions. 


Emission from thoriated tungsten 





For comparison with the results on tungsten, curves obtained with emis- 
| sion from thoriated tungsten are reproduced here. Fig. 4 is drawn to show the 
fall in the fluctuation level for a constant space current as E is decreased from 
a value providing temperature limitation. The two curves represent actual 
data taken on the same tube at different times. The difference in the shape of 
the elbow is characteristic of emission from thoriated tungsten. 
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Fig. 4. Shot effect in emission from thoriated tungsten. Ordinates represent fractions of the 
normal fluctuation level. The spread between the two curves, taken under identical conditions 
is attributed to variation in the emission of positive ions. Constant space current to =500y.a. 


There seems little doubt that the elevation of the fluctuation level due to 
positive ions in space charge is responsible for this irregularity in form. The 
abnormal fluctuation is simply superposed on the level resulting from the 
normal depression. The number of ions released at the temperature covered 
in these experiments is apparently insufficient to cause a resultant elevation. 
Further, the quantity varies with the time and previous treatment of the 
filament. This results in the region of uncertainty mentioned in connection 
with the preliminary work. It appears from the curves that this is greatest 
for a space current of 500 microamperes in the region of 20 volts on the plate. 
Below this, the curves seem to show greater uniformity. It must be borne in 

* The filament current was actually held constant during runs of this type. The change in 


resistance due to the cooling effect of evaporation of electrons was less than one part in one 
thousand, 
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mind, however, that, due to the steepness of the slope and the low plate 
potentials used, experimental accuracy is considerably reduced. 


Grid control of space charge 


The effect of a space charge grid on fluctuations was next investigated. 
Tubes of cylindrical symmetry were built, with tungsten emitters, and pro- 
vided, at first with grids 3 mm in diameter, and about 3 mm spacing between 
turns. Plates were of nickel, 16 mm in diameter. 

Let us suppose, in line with the indication of previous results, that the 
emission consists mainly of electrons with a small quantity of positive ions. If 
we further assume that both types of emission occur with a chaotic distribu- | 
tion in time, we should expect, when potentials are adjusted to obtain con- 
tinuous fluctuations. This was accomplished by applying a positive potential 
of 10-15 volts to the grid and 200 volts to the plate. 

The establishment of space charge at any point in the tube resulted in a 
departure from this value. As an analysis of the fields in the tube will show, 
this may be due to an internal or external space charge referred to the grid. It 
is the latter, in which we are primarily interested, but it is essential to know 
the effect of internal space charge and the interaction with positive ions on 
the fluctuation levels. The use of alarge positive potential on the grid would 
certainly result in the elimination of the inner space charge. The field would 
also be a retarding one for positive ions and would eventually cause the re- 
turn of many of them to the cathode. Electrons, however, would suffer ac- 
celeration in the same field and their average velocity of appearance in the 
outer space would be much greater than the range of the original emssion 
velocities. 

It is convenient to consider the region of the grid as a virtual emitter and 
to visualize the external space charge as produced by “emission” from the grid. 
It is at once apparent that for a given potential difference and current a larger 
emission velocity will result in a decreased space charge density. This follows 
from the relation 7 = pv where 7 is held constant. 

An experimental difficulty is encountered here in the extremely low volt- 
ages between grid and plate necessary to produce appreciable space charge 
density. This is concerned mainly with the accuracy of the measurements— 
in particular, the impedance determination, and is discussed in another sec- 
tion. 

On the other hand, a low grid potential introduces space charge conditions 
in the inner space provided its field acts independently of that due to the 
plate potential. It was found necessary to cut the grid turn separation to 
about 0.4 mm to accomplish this shielding. 

Since the grid and filament are connected together with only the small 
fixed potential difference between them, fluctuations between these two are 
logically assumed to be negligible. Both are held at earth potential for high 
frequency currents. We have to deal then only with grid or filament, which- 
ever we choose. On this view the filament serves only as a source of electrons 
—the effective emission coming from the region of the grid. 
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It might appear that the existence of space charge in the inner space 
would not be of any significance in a measurement of these fluctuations. The 
design of a tube in which the external field was effectively screened from this 
space made possible a test of this question. 

With the plate potential at 200 volts so that temperature limited condi- 
tions existed between plate and grid, the grid potential was carried in small 
steps over the range in which inner space charge was established. The varia- 
tion of the V? with E, is shown in Fig. 5. The explanation of the eight-fold 
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Fig. 5. Influence of positive ions in inner space charge in three element tube. Fluctuation 
level shown as a function of grid voltage, measured with respect to the negative terminal of the 
filament. The bend occurs at a value of E, about equal to the filament drop in potential. Ep 
= 200 volts. 


increase observed between E, =6 volts and E, =1.5 volts lies in the release of 
groups of electrons from the inner space charge by positive ions emitted from 
the filament. Moving toward the grid, some of these electrons are collected 
and some pass through into the grid-plate space. The “emission” from the 
virtual cathode therefore departs from a purely random character and the 
effect is observed in an elevation of the fluctuation level.* 

The conclusion seems inevitable that when space charge conditions exist 
at any stage in the passage of a thermionic current, the action of positive ions 
will produce abnormal fluctuation effects. 

* Grid and plate potentials in Fig. 5 are given with respect to the negative terminal of the 


filament. The bend in the fluctuation curve occurs when the value of the grid potential becomes 
equal to the drop along the filament due to the heating current. 
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In view of the extreme difficulty experienced in obtaining pure electron 
emission of reasonable intensity, this amounts to a requirement for the study 
of pure space charge effects that the space charge must not occur in the imme- 
diate neighborhood of the emitter. 


$4 
PuRE SPACE CHARGE EFFECTS 

Field conditions in the double grid tube 

These steps led to the introduction of a second grid, ge of Fig. 6, the func- 
tion of which was two-fold: 

1. To provide a retarding field for electrons after their passage through 
the inner grid space. 

2. To shield the internal sections of the tube from the action of the ex- 
ternal field. 

The inner grid was held at a sufficiently high potential F; to assure the 
continuously positive field indicated in region A, Fig. 6. This serves the 
double purpose, first, of preventing the escape of positive ions into the sur- 














Fig. 6. 


rounding space, and second, of maintaining within the region a temperature 
limited current whose fluctuations have been shown to be unaffected by posi- 
tive ions. Electrons of zero initial velocity would arrive at g; with a velocity 
of E, volts. Some of course strike the grid and contribute to a measurable cur- 
rent which we shall call 7;. Others pass through the rather coarse mesh into 
the region B where a retarding field is maintained. The potential of ge is held 
only slightly positive with respect to the filament. As a result, the average 
emission velocity into region C is but slightly higher than the original emis- 
sion velocity. Here again a portion of the electron stream is cut off constitut- 
ing acurrent Jo. 

Let us now examine the nature of the remaining emission. If gs be con- 
sidered as a virtual emitter, we have a pure electronic space current in which 
space charge limitation may easily be set up by a suitable choice of the po- 
tentials E, and EF». It was anticipated that the accumulation of space charge 
in region B would cause a somewhat lower fluctuation level in this current 
than that obtained under temperature limitation in the simple two electrode 
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tube. Since the region in question, however, is free of positive ions, the only 
effect of this internal space charge will be an independent and constant de- 
pression. This is entirely different from the elevation produced by positive 
ions in an inner space charge which is of an irregular and uncontrollable mag- 
nitude. 

Insofar, then, as our interest centers only on the influence of conditions 
in the outer space, an emission of the character described would appear to 
meet all the requirements. Gratifying results were immediately obtained in 
the increased accuracy of individual measurements. It became possible for 
the first time to repeat space charge measurements many times with an actual 
maximum spread in values of the depression ratio of about 2 percent. 

The question as to whether the pure emission from the region of gs pos- 
sesses the random character of true thermionic emission may be settled by 
measuring the mean square “shot” voltage with a high positive potential 
applied to the anode. A comparison of the values of V2 to those obtained with 
a two electrode tube under strict temperature limitation will immediately de- 
tect a departure from the ideal situation. For this comparison, tubes were 
chosen on which actual measurements of the electronic charge have been 
made. A value of V? consistent with Eq. (1) and therefore a pure random 
emission fulfilling the postulates of the theory is assured. Tedious repetition 
of the complete calibration of the amplifier such as is necessary in the deter- 
mination of € were thus avoided since the same values of A» and A entered 
into each of the compared magnitudes. 

Experiments were carried out to determine the optimum conditions for 
the production of space charge between the outer grid and the anode. A value 
of space current was chosen which produced sufficiently high electron den- 
sity, and which could be maintained without danger to the filament. Grid po- 
tentials were then adjusted until the stream passing into region C exhibited 
fluctuations indentical with a temperature limited current from a metallic 
emitting surface. 

The theoretical considerations outlined in the appendix Note A, lead to 
an expression for the fluctuation depression ratio: 


V2/Vi2 = fl io/ idem?! 


where V2 is the mean square voltage fluctuation under space charge con- 
ditions characterized by emission current io, space current 7, and V? the 
m.s. voltage fluctuation for a temperature limited current 7. w is 27 times the 
natural frequency of the amplifier curcuits, and a, a function defining the 
width of correlation. 

Two questions are thus presented which invite investigation 

(1) How great is the influence of the exponential term involving the fre- 
quency. 

(2) In what manner does the depression of fluctuation level depend on the 
ratio of the collected current to the total emission current. 


We will consider first the frequency effect. 
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The response characteristic of the amplifier has the form of a symmetric 
curve which falls off sharply on each side of the resonant frequency of the 
tuned circuits. The breadth of the curve can be controlled by the use of shunt 
resistors in these circuits. The area under the relative amplification curve is 
the factor A in the experimental Eq. (1). Thus from the wide range of fre- 
quencies represented in the Fourier analysis of the current fluctuations, only 
a narrow band is selected. Maximum amplification is afforded those compo- 
nents whose frequencies lie very close to the resonant frequency of the ampli- 
fier. By a choice of elements constituting the tuned impedance in the plate 
circuit of each stage, this band may be selected from various parts of the spec- 
trum. 
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Fig. 7. Frequency dependence of space charge depression constant space current. Depres- 


sion ratio as a function of Ey due to external space charge in double grid tube, £;, E2, and Ep. 
measured from negative terminal of filament. A, 54,000 p.p.s. B, 480,000 p.p s. 79 =500 micro- 
amps. E, =9 volts. E:=1.5 volts. 


The potential E, actually applied to the anode of the “shot” tube is ob- 
tained from the impressed battery voltage by subtraction of the voltage drop 
across the series load. Starting with 200 volts or more E, is decreased in steps, 
and the space current held constant by a corresponding increase in the fila- 
ment temperature. Space charge is thus increased with decreasing E,. The 
ratio of V? for a certain current and applied potential to V? for temperature 
limitation of the same current is obtained from the ratio of Go/Z* for the 
two cases. (See Fig. 7.) 

Each point on the curves is the average of at least twenty independent ob- 
servations. These were part of a series of experiments on two different tubes 
which extended over a period of about ten weeks. Within two percent the 
average curves at 54,000 pps. and 480,000 pps. coincide throughout their 
length. We therefore feel justified in believing that the frequency effect on 
space charge depression is vanishingly small. 

This conclusion furnishes an indication of the maximum breadth of the 
correlation function. If over a range covering nearly a ten fold increase in the 
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frequency, e~**e* does not depart appreciably from 1, w?/2a* must remain 
equal to zero. This can be true only if a is an extremely large quantity com- 


pared with w. By reference to the role played by a in the correlation equation 
(Note A, Eqs. (4), (10)) 


i(t:)j(te) = o(t: — te) = 6(w) = Pe-a?*/2, 


We note that an extremely rapid decline of the function, ¢ is demanded. The 
width of the correlation band is thus shown to be small compared to the 
shortest natural period of the amplifier. 

Since the frequency term reduces to unity, presumably f(i9/z) is a uni- 
versal function representing the depression ratio of fluctuations in space 
charge. Let us follow the progress of a virtual emitting surface by considering 
its position in the tube to be that of the minimum potential between grid and 
anode. Under temperature limitations it coincides with gs. As the space charge 
builds up the region expands and moves outward across the interelectrode 
space. A typical situation is represented by the lower potential curve in space 
C, Fig. 6. It is obvious that electrons will be retarded on entering this space 
and that those with initial velocities too low to reach the potential minimum 
will be returned in the direction of the cathode. Some of these returned charges 
strike the grid go. This number can be determined by the observed change in 
Iz. The field in the neighborhood of g; would lead one to expect a still greater 
change in J; and this is found when the collection current to this element is 
measured. 

For any state, the total emission from ge is given closely by J+AJ,+AJ; 
There is, of course, the possibility that a few electrons will reach the filament 
against the inner field. This number was thought to be negligible, and an in- 
dependent check of the emission current by the application of a high potential 
to the plate showed this to be the case. Thus a reading of the emission current 
could be taken simultaneously with the determination of V?. 

The requirement of a large applied potential in comparison to those used 
in the impedance measurement prevents the determination of the mean 
square voltage fluctuation level with accuracy for low plate potentials. Re- 
strictions imposed in turn by the maximum safe filament temperature, and 
the portions of the electron stream intercepted by the grids set an early limit 
upon increase of the emission current. When these are considered together it 
is found that the range of trustworthy and significant results is confined from 
two directions. 

The emission from the region of minimum potential was measured by a 
direct current meter in the anode circuit, since all the electrons reaching this 
position are accelerated toward the collector. There seems to be no reason to 
believe that the probability relations governing the escape of electrons from 
the “cathode grid” will be changed in any way by the external field conditions 
in the tube. It was to be expected therefore that when the region lay near the 
grid, the current fluctuations would be identical with those of the stream 
passing through the grid. As space charge is increased in the outer space with 
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decreasing plate potential, the current reaching the anode falls off. The 
fluctuations, however, decrease more rapidly than the current. A comparison 
of these two effects is given in Fig. 8 in which f and its argument are both 
plotted against £,,. 

The complete suppression of the shot effect fluctuations may be observed 
qualitatively by the behavior of the output galvanometer which falls to zero 
for very high space charge densities. The actual lower limit is fixed by the 
magnitude of the fluctuations due to the thermal agitation of electricity in 
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Fig. 8. Depression ratio of shot effect in space charge compared with ratio of anode current 
to emission current from the region of second grid. Between 50 and 200 volts. 79 =500 micro- 
amps. F, = 22.4 volts. EF, =1.5 volts. 


the shot circuit. The mean square value of the voltage thus generated is of 
the order of 0.01 of the normal shot effect for a current of one milliampere. 
A correction can be made for this in the original galvanometer setting. 

It may be of interest to record a rather striking empirical relation which 
may be obtained from the data presented in Fig. 8. Between E, =50 and 200 
volts, it is true within experimental error that 


V.2/V 2 = flio/i) = (io/i)?. 


It is hoped that theoretical justification for this relation will be provided in 
the future. 
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APPENDIX 
CURRENT FLUCTUATIONS 


A simple thermionic device may consist of two electrodes sealed into a glass tube which is 
evacuated to such an extent that the residual gas plays no part in the discharge phenomena to 
be observed. One of the electrodes may be heated to any desired temperature below its melting 
point, and this is made the cathode in a circuit carrying the thermionic current. 

Two fundamental sources of current fluctuation must be recognized in this circuit : 


(1) The discreteness of the carriers of the current. 
(2) The thermal agitation or “Brownian motion” of the electricity in the circuit. 


In the case of a temperature limited thermionic current, the first type of fluctuation makes 
itself predominantly felt. Let us consider the flow of such a current in the simple circuit shown 
in Fig. 1. If the emission is a completely random effect, we may expect deviations from the long 
time mean value governed by the laws of probability. These fluctuations will be reproduced 
identically at the anode, with only the time of passage across the inter-electrode space interven- 
ing between the occurence of a particular event in emission, and its repreduction at the collector 











Fig. 1. 


plate. As a result the potential of the plate will rise and fall chaotically about a certain mean 
value. The manifestation of the fluctuations in the electron stream, then, will be the develop- 
ment of small irregular alternating potential differences between separated points in the circuit. 

It is clear in the normal shot effect that the fundamental fluctuating quantity is the number 
of electrons concerned in the emission from the cathode, and hence the emission current. The 
amplitudes of these particular fluctuations are of course independent of the frequency char- 
acteristics of the shot circuit or measuring device. The resulting potential fluctuations will 
involve the total impedance of the shot circuit which may be made practically free of frequency 
influence by the use of an aperiodic circuit. 

Fluctuations of the second type—those due to the thermal agitation of electric charges—are 
always present in a conductor, whether carrying a current or not. Here the fundamental 
deviations from the long time mean situation are in the nature of accidental electromotive forces 
set up by random variations of charge density. 

In section A we shall outline the theory of particle fluctuations in a thermionic current with 
particular emphasis on the effect of space charge. Following this a short discussion of thermal 
agitation is given, and the application to the present problem pointed out. 


Note A. AMPLITUDE OF THE MEAN SQUARE DEVIATION 


Let i(t) denote the instantaneous value of the thermionic current and i the long time mean 
value. The magnitude of the deviation from the mean may be developed in a Fourier series: 


i(t) — i =j(t) = Lo(Ax cos wet + By sin wx) (1) 
kel 
where 
2rk 
oO, = — 


T 
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w being the frequency in radians per second, and 7 the fundamental period of the series. The 
coefficients of the kth term in the cosine and sine components of the general series are defined as 
follows: 


ll 


2 af 2 T 
Ay — | j(t) cos wxldt = — f j(é) cos wide | 
iat vagy (2) 


By 


ll 


Et rw \ 
— | Jd) sin wxtdt = — f j(§) sin w,Edt 
T /9 T “0 


The following customary assumptions! are made regarding j(t): 

(A). The mean deviation from the average current, taken at the time, ¢ over a large number 
of similar, but independent circuits in which the same average current flows, is zero. This is 
denoted by 


ji@® = 0. (3) 


(B). If the values of j(¢) are considered at different instants, ¢; and ¢2, there will be correla- 
tion between successive values only when lta—t | is very small. This may be expressed by the 
following equation: 

i(h)j(h) = o(4 — 4), (4) 
where the values of j(¢) at 4; and ¢: are multiplied, and the average taken again over an en- 
semble of circuits. ¢(t; —¢2) is a symmetric function of the difference in time with a sharp maxi- 
mum at t;—t2 equal to zero. This will frequently be referred to as the correlation function. It is 
well known from statistical mechanics that the ensemble of currents may be formed either by a 
great number of independent circuits, or by dividing the curve, j(¢), occurring in one circuit into 
many sections of length r. 

We are interested now in finding an expression for the mean square amplitude of the kth 
Fourier component of the current. This may be written from the Eq. (2) 


‘tr? 
— J f J(E)j(n) Cos wee cos wend tdy 
0 
where £ and » are time variables of integration. Now cos wxf cos wx = 1/2[cos w:(E+n)+ cos 
wx(E—n) ] and by assumption (2) j(€)j(q) = o(¢—n). Denoting &—n by w, and +n by v, we have 


dv dw =2dtdn from the functional determinant. 
Introducing these as new variables, the expression for Ay? becomes 


a= =f" fo ) [cos waw + cos wxe Jdvdw 


The extension of the limits of the integration with respect to w is justified by the steep decline 


of the function ¢(w). 
sf i $(w) Cos uxvdrdw + — =f im o(w) cos azwdedw 


1 
sf" COS wyt de f o(w)dw + — =f “ae f $(w) cos wywdw. 
T* Jo 


Since w= 27k/r, the first integral is seen to vanish at both limits, and there remains simply 


A? 


A --f “6() cos axed (5S) 


A corresponding treatment yields an identical expression for B,?. 


CORRELATION 





In fulfilling the postulates of the normal shot effect theory, the probability of the departure 
of an electron from the cathode is assumed to depend only on the thermal energy of the emitter, 





1 Uhlenbeck and Ornstein, Phys. Rev. 38, 823 (1930). 
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and not at all upon the previous history of the region of the surface from which it leaves. It is 
further assumed that the arrival of electrons at the plate partakes of the same chaotic distribu- 
tion. 

The situation is represented graphically in A Fig. 2. Under temperature limitation the 
number, ;, emitted during a certain time element Af all arrive during a corresponding time 
At,’ later than At; by the time of passage across the intervening space. 


at; 








Cathode 














Fig. 2. 


This statement has the effect of assigning an infinitesimally narrow width to the correla- 
tion function ¢(w) as applied to the emission current. It follows that the integral /_.°¢(w) 
cos w,wdw can be replaced by /_,°¢(w)dw since the value of w for the range in which the 
integral #0 is very small and cos «,w=1. For temperature limited currents, therefore, we can 
write Ay=*% and an identical expression for B,? (6) 


where 


c= J oae. 


The application of the principles of probability to the escape of electrons from a metal 

surface has given for the mean square deviation from the average current 1 
fat = G— ia = ke 

where ¢ is the charge of the electron, At is a time element, short by comparison with the natural 
period of the measuring unit, and still long enough to allow the escape of many electrons. The 
role played by this factor has been clearly illustrated by Huxford.? 

This may be identified with the function ¢(w) by considering that the area under the cor- 
relation curve may be approximated by a rectangle of height j? and width At. Thus 


o Spat = te. (7) 
The mean square amplitude of the kth component of current fluctuation, 
ae 4h (8 
A2#+Be=Ce= — 
T 


Adaptation of this relation to the experimental problem, and a solution applicable to all types 
of shot circuits have been carried out by Williams and Vincent.’ Remembering that w,=27rk/r, 


the mean square voltage developed across the circuit load and impressed upon the amplifier 
becomes 


Vit = 4C2Za? = 2Zy%ein —- (9) 
2rk 


It was to be expected that one of the effects of the interaction of electrons in space charge 
would be the “spreading” of the correlation function as applied to their arrival at the anode. 


? Huxford, Dissertation, University of Michigan, (1928), p. 10. 
3 Williams and Vincent, Phys. Rev. 28, 1250 (1926). 
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The contrast between the two types of current limitation may be depicted as shown in Fig. 2. 
Under extreme space charge, the emission of »; electrons during Aft; may influence the arrival 
of ny over a considerable range of time elements, beginning nearer Af; than was the case, due to 
long range forces. 
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More formally, if we assign finite width to the correlation function, its value must be ex- 
pressed as a symmetric, rapidly decreasing function of the difference in time between two 
events. This is the quantity which we have called w. An approximation which suggests itself 
is an exponential of the form 


o(w) = Pe-@u* /2 (10) 


where P and a are functions of the plate potential or of the space current. 
Substituting this in the expression for A,? 


“ie - 
Ak = —f e~ Fe"? Cos www’ 
tT J, 
~~ oe, 
ae ee (11) 
T a 


for temperature limitation, we had, independent of frequency, 
_ 2ei 
A;? = — " (6, 7) 
T 
This condition is fulfilled in the space charge equation by making 


> 
a— 2 and —(2z)!/? = & 
a 


where i refers to the total emission or saturation current from the cathode. 
It is apparent that P/a is finite and is itself a function of the space current io, which for 
iy =t becomes eio/(27)'?. Representing in general 


P (2)? by Blin) 
a 


2 
T 


we may write 


A? = 


B eer / 2a% ( 1 2) 
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and reasoning as before, 
= Wk — 
Vi? = $27°C,? = 22778 — eK I, (13) 
2rk 


Then for the ratio of the mean square impressed potential fluctuation under given space charge 
conditions to the same quantity under temperature limitation. 





- « eek 2a2 

(Vi2dn ei 
From dimensional considerations, we cannot escape the conclusion that the factor 8(i9)/e¢ must 
be some function f of io/i which for tp =i becomes unity. Making this substitution and denoting 
the depression ratio by 5, we have 


6 = 4( ewe *. (14) 
t 

The ratio on the left is frequently referred to in this paper simply as the depression ratio. 
Its value obviously approaches unity as strict temperature limitation is approached. For other 
situations indicated by the subscript s, the ratio is seen to depend on two factors, one a func- 
tion of the space current and the saturation current, and the other an exponential function of 
the frequency. 

This formal discussion of course cannot give the form of the functions @ and 8. For these a 
more detailed consideration of the mechanism is necessary. If the effect of space charge were 
only the spreading to which we referred, one can show that 


B(io) = eto. (14a) 


The entire depression would then be caused simply by the fact that a certain fraction of the 
emission current is cut off by the potential minimum. A surface through the potential minimum 
would be considered as a virtual emitter with the same characteristics as the real cathode, but 
emitting fewer electrons per second. In this case also a could be determined. 

One feels, however, that the spreading effect cannot be the only cause of depression. When 
there is space charge there will also appear fluctuations in potential due to density fluctuations 
of the space charge, which again is a consequence of the temperature motion. Therefore we can 
only expect (14a) to hold in the limit of very small depression. 


Nore B. THERMAL AGITATION 


Under extreme space charge limitation, thermionic conduction is similar in many respects 
to metallic conduction. It has been pointed out that in this case only fluctuations due to the 
thermal agitation of electricity would be expected. This is analogous to the Brownian motion 
of particles in colloidal suspension. In an earlier section the current fluctuation was developed 
in a Fourier Series. We must now apply a similar development to the accidental electromotive 
force. Putting therefore: 


E(t) = YP, cos wit + QO; sin wif) (15) 
we find, _ 
Pt = 0 = 20" (16) 
r 
where 
op’ =f EGYEG) cosuxlh — tat, - 4) (17) 


To find p’ we must consider the differential equation of the current: 


di 
L—+ Ri = E(t). 18 
at i= E(t) (18) 











496 E. W. THATCHER AND N. H. WILLIAMS 


The general integral is 


1 t 
i = ige Rel + - e~ReiL f E(e®«"dt. (19) 
0 


4 


Squaring and taking the mean over an ensemble of currents 


79 + 9.—9 p 
72 = jpte Rel 4 —_ 


2RL 


| 


(1 — e~Re/l) (20) 


where 


i) FnyEGa)d(t; — te) 


p 


which in the limit as t— © becomes 


Ts p 
i? = ——- (21) 
2RL 
From the equipartition of energy theorem, we have, 1/2Li=1/2«T where « is the Boltzmann 
constant and 7, the absolute temperature. 





Then 
p’ = 2R«T. (22) 
Assuming very sharp correlation, we have p’ =p so that 
tein aed) ches 4p’ = S8R« T 

P?2 +02 = V2 =——= (23) 

T T 

ai Wk 
"e? = 8R«T — 24 
Vi K ak (24) 


This expression is to be compared with Eqs. (9) and (13). 

It is important still to remark that we could integrate (18) also by developing 7 in a Fourier 
series in the same way as E(t), and we find then for the mean square amplitude of the kth com- 
ponent, 


-»_ 1 PP&et+Q% _ 2%’ 1 





i? = — <= —___.. 25) 
2 R?+0°L? 7R mS 
1+ wo,” — 
R? 
Now, again summing over all components, we get 
m ane 2p’ i dx 
Sa Sita 26 
Pa Dito ed, 142 = 
where 
an F _ dak ee L Qn 
x = oe 3 oO. = 7 eo t® . a 
which gives 
- p’ 
2 = ——- 27 
ORL @7) 


Comparing this with (21) we see that p’ is necessarily equal to p, or that even for tempera- 
ture fluctuations the correlation must be very sharp. The result is that for thermal fluctuations 
the spectrum of V? must be uniform as in the case of the temperature limited thermionic cur- 
rents. This argument now provides an a priori estimate of the influence of the correlation factor 
in the depression ratio. When in the two limiting cases, though by quite different approaches, 
we meet the necessity of a constant spectrum, it seems doubtful that in the transition region we 
would find the frequency dependence, 
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ON THE EQUATIONS OF LAPLACE AND MAXWELL 


By Kart F, HERZFELD 
DEPARTMENT OF Puysics, THE JoHNS HopkKINs UNIVERSITY 


(Received October 12, 1931) 
ABSTRACT 


An attempt is made to deduce the equations of electrostatics and of electro- 
dynamics from general axioms instead of quantitative experiments. Among the ax- 
ioms necessary to find the first are: the existence of a field, determined by differential 
equations without action at a distance, the principle of superposition, isotropy of 
space and existence of a potential. From Poisson’s equation Maxwell's equations 
follow with four additional assumptions, the chief of which is the validity of the re- 
stricted theory of relativity. 


A. INTRODUCTION 


N SEVERAL parts of physics the equations have the form of Laplace’s 

equation or of the wave equation although the underlying mechanism is 
quite different. The Coulomb-Newton law of attraction, which is a conse- 
quence of Laplace’s equation, holds very exactly. In a discussion back in 
1911, Professor P. Ehrenfest put the question, “how exactly are Maxwell’s 
equations fulfilled?” 

Those considerations are the root of the present paper. It is an attempt to 
deduce, first, the equation of electrostatics in vacuum, that is Laplace’s equa- 
tion, then Maxwell’s equations (also in vacuum) from axioms which do not 
contain explicit statements about the dependence of the force on the dis- 
tance. J. R. Oppenheimer has pointed out that there is a remote similarity 
between this procedure and the one used in the general theory of relativity. 
We restrict ourselves to classical quantities, not matrices etc. 


B. ELECTROSTATICS 


I. We assume that the mechanical force per unit of volume (force-den- 
sity) can be described as due to a field E, which is a vector. We do not go 
into the question, as to what this first assumption involves (existence of 
probes, conservation of charge, etc.). We have then 


F = pE. (1) 


E is defined! by (1) 

II. We assume that the field can be deduced from a potential. That 
means that if we move a probe on any closed curve, the work is zero and every- 
thing is back in the stage where it was when we started. 


E = — grad ¢. (2) 


1 See however the different standpoint of W. F. G. Swann, Rev. of Mod. Phys. 2, 243 
(1930). 
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III. We assume that the field which is due to several charges, can be 
found by adding vectorially the fields (i.e., adding the potentials) which 
would be present if each charge were there alone. This is the principle of 
superposition and means that the equations must be linear in @. 

IV. We assume that we have a field-theory (homogeneity of space), even 
in the presence of charges. That means that the coordinates of the charges do 
not enter explicitly into the differential equations, but that the field in any 
place is determined microscopically only by the field in the surroundings of 
that place. That excludes for example an equation of the type 





























div (r grad ¢) = 0 r? = (x — xo)? + (y — vo)? + (5 — 20)? 


where Xo, Vo, So are the coordinates of the point-charge. The equation above 
would be compatible with V. Assumption IV is important, as it excludes 


e 
go=— n# 1. 
r” 


If it were not made however, it would be difficult to see how the equations for 
extended charges or several point charges should be written. Probably the 
principle of superposition would be violated. 

V. We assume that space is isotropic (has spherical symmetry). That the 
location of the charge does not enter into the differential equations explic- 
itly, has already been stated in IV. It then follows that the only possible 
operator is the one of Laplace 


dx? Ay? As? (3) 
or powers of it, if we limit ourselves to rational operators.” In the same way in 
which 7? =x°+ y*+2? (or powers of it) is the only expression invariant against 
rotation that holds for the operator (3). 

VI. We assume that the distribution of continuous charges determines 
the field completely. From this it follows that the differential equations can 
not be of higher degree than the second, otherwise there would be superfluous 
constants. 

Assume for example that the equation would be 


A’o = 0. (3’) 
Consider the case of one dimension, that is to say an infinite plate parallel to 


the y—gz plane, charged uniformly. 
Laplace’s equation has then the form 


a 
—=0 @¢=at dbx. 
Ox 


2 (*) + (3) + (*)is not linear in ¢. 
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Of the two constants, a has no importance for the field while } is determined 
by the surface density of the charge. 

(3’) however takes the form 0'¢ /dx* =0 and has the solution ¢=a+bx+ 
cx?+dx', that is to say three constants of physical importance to be deter- 
mined by the single density. 

The only form left is therefore 


1 
aati ‘asian (4) 


where J is an absolute length (for dimensional reasons). 
VII. If we assume that no absolute length appears in electrostatics, the 
second member must be absent, and we get 


Ad = 0. (5) 


VIII. We assume that the elementary charge has spherical symmetry. 
That means that we can use the fundamental solution of (5), namely 1/7, and 
do not need, e.g. 1/r"*! P,, (cos 0). According to III the solution must then be 
e/r. If one constructs continuous charges out of point charges, one deduces 
easily Poisson’s equation inside of the continuous charges. That the charge 
density p which appears in (1) as being acted upon and the charge density 
which appears here as source of the field are the same, follows from Newton's 
principle of action and reaction. 

VIII.’ It might be interesting to see what happens if we do not make as- 
sumption VII. It is of course easy to construct a length out of absolute con- 
stants in the form 


X _ ka mA 


where k and m are any real numbers (& positive), ao the first Bohr-radius, a 
the fine structure constant (dimensionless). With the help of the latter it is 
possible to make X as large or small as one wishes. 

Then the fundamental solution is 


+ 


et ir/d 





(6) 
r 
In (6) the imaginary exponent and in (4) +1/)* has been used. Otherwise we 


would have had 
et r/X 





r 


As the solution with the exponent +7/\ is impossible under all circumstances, 
the differential equation with —1/d? has to be excluded. 

Now (6) is the spacial factor in the potential of a spherical wave of wave 
length \. But then we have interference phenomena, not neutralization. L[.e., 
if we put two equal and opposite charges at a distance >d/2, there are direc- 
tions, in which the field is stronger than it would be with a single charge. If 
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however A were so great, that the fields at distances larger than \ are too weak 
to be measured, there would be no appreciable difference against the usual 
electrostatics. 

C, ELECTRODYNAMICS 


We assume the validity of the restricted theory of relativity in a manner 
which will be made more precise later on. 

That means that the equations must be invariant under a rotation in the 
four-dimensional space x, y, 3, “= ict. 

Then the Laplace operator (3) goes over into 





a @  @ 1 3 
O= +--+ 4+-5=4-+ = (7) 
Ox® Ay? Os? Ot? ct 
We write now Eq. (1) 
F=pM (8) 


and consider, that F is a four-vector; several theories are seen to be possible, 
of which only one will be worked out in detail.’ 
a. p can be scalar, then the field vector M is a four vector. Reasoning 
similarly as will be done later, a potential exists, which is a scalar 
a) a) a) 6] 


=-V@ Veo a => — 
Ox Oy Oz Ou 


O¢ = — 4p (9) 


That is not representative of electrodynamics, but of acoustics with longitu- 
dinal waves. Furthermore, there is no conservation of charges, because if p is 
a scalar, e=/pdxdydz is not, but e(dt/ds) is. 

Another way in which to say the same thing is to say that the equation of 
continuity 


—{p0.) + —(90,) + —(n) +—p = 0 (10) 
—(pvz) + —(ov —(pv, —p= 
Ox “ Oy . Oz ‘ ot , 
is only invariant if it is a vector equation 
Div P = 0 (10’) 
Ve Vy % 
P=p-—» Ft o-) (11) 
C c ¢ 


b. p is proportional to the ¢-component of a four vector P (11). Then 
Fi = >OMiP; 


M must be of second rank. 


3 As we restrict ourselves to the use of Cartesian coordinates, we need not distinguish 
between contravariant and covariant quantities. The operators are designated according to 
W. Pauli, Relativitatstheorie, Enz. Math. Wiss V, 19, Leipzig, 1921. 
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There are again two possibilities 
(a) it may be a symmetric tensor 
Mii = Mix. 
One can argue again for the existence of a potential, which has to be now a 
four vector 9, satisfying Eq. (13) 
M is given by 
_ a 


Mi; SS Mii = M x = 3 ( 
OX; 





OO, A; 
° +), (12) 


Ox i Ox k 


There are ten components. Three of these Mis, M2, Ms are proportional 
to E,, E,, E, respectively. Then there are seven left, four diagonals and three 
M3, Mz, Mi. One can not put all the diagonals zero, because that is not in- 
variant, but their sum is, and the number can be reduced by one. 


My, + Moo + M33 + Mas = 0. 


In this way, one can throw, e.g., 1/4 out. We have then not a magnetic vector 
field with three components, but magnetism like elasticity would be de- 
scribed by a three-dimensional symmetric tensor; 


M oz, Myy, Mas, Moy = Myz, Mes = Mea, Mey = Mys- 


(B) Mx is antisymmetric; that leads to Maxwell’s equation and will be 
discussed in detail. 

c. It might be that the field M is of even higher than second rank. If it is 
alternating and of the third rank, that gives again a four vector (case a). If it 
is not alternating, there are even more components than in case ba. 

Going back to a systematic enumeration of assumptions, we start out with 
one or more charges, which are all at rest in a certain system, in which there- 
fore electrostatics is valid. 

We now make assumption IX, that the field for an observer moving rela- 
tively to the charges is given by the transformations of the restricted theory of 
relativity. 

Leaving open the character of p and M according to the hypotheses a, ba 
or 8, one can by direct transformation of (2) show that the field can be de- 
duced from a potential, which in case (a) is simply the scalar electrostatic po- 
tential given by (9) in case (b) a four vector given by 








Oo = —4rP. (13) 
In case a the connection with M is (12), in case B it is 4 
OP, 0; 
Mi. = Roty.® = = (14) 
OX; Ok, 


® has in this case the components A z, A,, A; (electromagnetic potential) i 
(electrostatic potential). 


* Pauli, reference 3, p. 606. 
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In the case of all charges at rest there is really one system which could be 
preferred over all others. 

We take now however a case in which different charges move at different, 
although constant speeds. 

X. We make the assumption, that the principle of superposition (line- 
arity of M or ®) is valid also in electrodynamics. That does not follow from 
III, because there exists (in the case 8) the invariant (M M*) = —27(£.//) 
which disappears automatically in electrostatics, but might (in any power) 
appear in the equations of electrodynamics. 

We can then construct the resultant field for the moving observer by add- 
ing the fields due to each charge, and as each field can be deduced from a po- 
tential, we find for a field due to any number of charges moving with arbi- 
trary, but constant velocities, Eq. (9) or (13) with either (12) or (14), where 
® can now not be reduced to a single quantity, namely the electrostatic po- 
tential in the rest system, as was the case in the last paragraph. 

XI (a). If we require conservation of charges (10), hypothesis a and ca is 
ruled out. 

XI (b). If we require the existence of a magnetic field vector, hypothesis 
a, and ba and ¢ are ruled out, M must be antisymmetric and we have (10), 
(11) (13) and (14). 

XII. If we make now the assumption, that IX and X remain valid even 
in case of acceleration and that no new vector containing properties of the 
electronic motion (as f.e. po(d?x;/ds*?)) appear on the right hand side of (13), 
Eqs. (13), (14) and (10) which are equivalent to Maxwell’s equations, are the 
only possible ones. 


D. THE QUESTION OF TRUE MAGNETISM 
It can easily be shown, that 


1 dH 
div 7 = 0, rot E = — — — 
c Ot 
are consequences of (14). Dr. O. Halpern raised the question, as to where the 
corresponding physical assumption had been made, and answered it himself 
by saying that the statement (1), which excluded magnetostatics, already con- 
tained it. A deeper investigation confirms this view. 
Assume there would have been no electrostatics, but only magnetostatics 
and we would have had 


F= pall. (1’) 
We would then have to introduce a univalent magnetostatic potential 


I] = — grad om (2’) 


and the first part would have gone exactly as before, substituting’magnetic 
for electric quantities. In c, we would have identified —HZ with My:*, Ma*, 
M,;* where M* is a six vector dual to the vector M introduced before. It 
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would then be possible to relate M* to a potential 6,,* which would be a four 
vector, by writing 

M;,* = Roti Om 


that is (with a three-vector A,, corresponding to the electromagnetic poten- 
tial A). 


1 dAm 
H = — grad ¢, + — — 
c (Ol 
E = rotAn 
®?, = ft — Pm- 


It follows then that we have div E=0. Assuming then the existence of both 
electric and magnetic true charges, the presence of a magnetic field at rest 
would make it impossible to interpret the field after transformation for a 
moving observer as due to a single-four potential 6. 

In this case,> the equations would have to be 


L o colina 47P CJ Om = inP.(P = 1pm —, = rm) 
M = Rot 6 + Rot* 6» 
Divé=0 Dive. =0 


which means conservation of both electric and magnetic charges. 


Of course even in the absence of magnetic charges, it is possible to introduce 
both potentials, 6 and 6». But as we have then 


LJ Om = 0 


everywhere in space and want a solution which is everywhere regular, we can 
build up all possible solutions of this equation as superpositions of plane 
waves. But plane electromagnetic waves can be interpreted as well by $ as by 
@m, so tht in this case the contribution from ,, can as well be considered as 
due to 6. 


5 There is no advantage now however in the use of the two independent potentials com 
pared with the use of the field vectors. 
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SEASONAL VARIATIONS IN MAGNETIC STORMS* 


By H. B. Marts 
NAVAL RESEARCH LABORATORY 
(Received December 26, 1931) 


ABSTRACT 

A new list of magnetic storms for the period 1839 to 1930 has been prepared. This 
list represents a uniform scale of world wide disturbances for this entire period. The 
storms of this list show a seasonal variation in frequency with equal maxima at equi- 
nox and equal minima at solstice which follows approximately the cosine curve 
y= F (3+cos 20) where @ is the longitude of the sun measured on the earth’s ecliptic. 
The ultraviolet light theory of magnetic storms regards the storms as being due to 
three effects, gravitational ion drift currents, dynamo currents due to vertical con- 
vection and dynamo currents due to lateral winds. The first two are world wide effects 
and when calculated from the theory account for a little less than one third of the 
change in magnetic activity. The third effect is local and is estimated to account for 
a little over a third of the total change in activity. Accidental variations in the occurs 
rence of non-solar magnetic storms with semiannual periods account for the remaining 
third of the change in magnetic storm frequency. It is to be noted that the difference 
between winter and summer or spring and fall activity which has previously been 
observed is not shown by the storms of the present list. It is concluded that annual 
variations in magnetic storm activity can be explained as the result of annual vari- 
ations in the declination of the sun. 


INTRODUCTION 


EASONAL variations in the frequency of occurence of magnetic storms 

have long been recognized. Sabine! found April and September to show 
about twice the activity of January and June. Writers who assumed that 
magnetic storms were caused by charged particles shot out from the sun in 
very narrow beams have sought to explain these changes by seasonal varia- 
tions in the heliographic latitude of the earth.** This explanation, however, 
is found to be inadequate. The present paper presents the results of a critical 
summary of the facts of magnetic storms for the past 91 years. It shows the 
seasonal variation and presents a straightforward explanation based on the 
ultraviolet light theory of magnetic storms. 


SUMMARY OF MAGNETIC STORMS FROM 1840 To 1930 


A new list of magnetic storms for the period 1840-1930 was prepared for 
use in studying periodicities in magnetic activity. This list follows approxi- 
mately Maunder’s' classification of magnitudes as shown by Table I. The 
magnitude of the storm is assumed to be proportional to the maximum change 


* Published with permission of the Navy Department. 
1 Sabine, Phil. Trans. Roy. Soc. 141, 123 (1851). 

2 Bauer and Duvall, Terr. Mag. 31, 100 (1926). 

3 Cortie, Monthly Notices Roy. Ast. Soc. 73, 57 (1912). 
* Maunder, Roy. Ast. Soc. 65, 4 (1904). 
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in hourly values of the magnetic vector during a twenty-four hour period. 
The unit of disturbance is 1y = 10-* gauss. 








TABLE I. 

Storm Disturbance International Number of 
magnitude range Character No. storms 1840-1930 
0 00-1007 1.0 -1.5 1,463 .0 
1 100-2007 1.6 -1.85 876.0 
2 200-300 y 1.86—-1.95 292.0 
3 300-500 y 1.96-1.99 106.0 

4 


500- 2.00 26.0 








The values of disturbance range given are relative because magnitudes of 
disturbances at one station cannot be compared directly with the magnitudes 
of distrubances at another. Each station should have its own standard for 
storm values. A disturbance of 100y at Cheltenham should be rated as equal 
to a disturbance of either 70y at Honolulu or 250y at Sitka. The schedule for 
International Character Numbers was not followed closely because they do 
not represent a fixed or standardized intensity of activity. No rigid mathe- 
matical rule was followed in determining the magnitude of a storm. Most 
storms were assigned to their respective magnitudes without question. When 
the rating of a storm was questionable the records of that storm for several 
stations were compared and the final decision was based on both the ampli- 
tude and the total activity of the disturbing forces. The total number of 
storms listed for each magnitude is given in the last column of Table I. 

A careful effort was made to obtain a uniform scale of storm records and 
magnitudes for this entire period. For example, Maunder’ lists the following 
storms for August 1860 which would probably be classed as one great storm 
by the Cheltenham classification: August 6 active; 7 active; 8 active; 9 active; 
10 great; 11 active; 12 to 15 great; 16 moderate. After a comparison of this 
list with the hourly observations of the magnetic observatory at Prague the 
following storms were listed, August 7 great; 10 active; 12 active; showing 
three storms for the ten day period, August 7 and 16 inclusive, instead of 
seven as shown by Maunder or one according to the Cheltenham classification. 
Small disturbances directly preceding or following greater ones were omitted. 
Long continued disturbances were listed as one storm for each distinct maxi- 
mum. Increase of activity rather than the time of beginning was taken as the 
time of the storm. Before a storm was listed its magnitude was determined 
by a comparison of the records of several widely separated stations whenever 
such a comparison was possible. 

The storm list as finally completed represents a comparative study of 
storm records from the following observatories; Prague, Toronto, Greenwich, 
Colaba, Cheltenham, Sitka, Honolulu, Mauritius and Dansig. The records of 
these observatories were compared with the magnetic storm lists prepared by 
Airy® and Maunder** and the records of International Disturbed Days, as 


5 Maunder, Monthly Notices, Roy. Ast. Soc. 65, 540 (1905). 
6 Airy, Phil. Tran. 153, 617 (1863). 
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shown in Table I, from Charactere Magnetique, DeBilt. The final list as 
shown in Table I contains 2763 disturbances of which 1300 were of sufficient 
intensity to be classed as storms of intensity 1 or greater. The remaining 1463 
disturbances, too small to be classed as storms, were included in the list for 
future studies, in the present paper we confine our attention to the 1300 
storms. These were plotted with frequency of occurrence as ordinate and time 
of the vear as abscissa in curve 1, Fig.-1. The curve has been smoothed by 
plotting for each five day interval one half the number of storms for that in- 
terval plus one fourth the number of storms for the preceding and succeeding 
five days. This observed frequency curve shows approximately, equal maxima 
at the equinoxes and equal minima at the solstices. Bauer and Duvall, 
Graetz’ and Cortie®’ found the spring maximum greater than that of the fall 
and the summer minimum greater than that of the winter; there is only 
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slight evidence of these changes in curve 1. The greater symmetry of curve 1 
probably is the result of the different method and longer period of time used 
in preparing the table of storms from which it was plotted. The period, 91 
years, is much longer than the time used for any previous table of storms and 
each storm in the table represents a world wide disturbance. Most of the pre- 
vious lists of storms were based on the records of omly one observatory. 


SOLAR AND NON-SOLAR STORMS 
Curve 1 is quite symmetrical as a whole and follows approximately a 
cosine curve 2, Fig. 1, with the maximum equal to double the minimum where 


F 

y=F(3+cos 26) 
is an empirical constant and @ is the longitude of the sun on the ecliptic. De- 
partures from this curve are however far too great to be considered as acci- 
dental variations; moreover these departures are to a certain extent system- 


7 Graetz, Handbuch der Elektrizitat und des Magnetismus 4, 1095 (1920). 
5 Cortie, Mo. No. Roy. Ast. Soc. 73, 57 (1912). 
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atic. A large group of storms in the first half of the year is often followed by 
another group six months later showing a semiannual period of return for the 
storms of the groups. Examples of the semiannual period are shown in Fig. 1 
by the February 20 and August 19 groups and also by the May 11 and No- 
vember 12 groups. Additional proof that the storm groups are not accidental 
is given by the fact that the storms which make up the groups often show 
quite definite relations to each other. Storms of the February 20 group first 
appeared in 1840 with a series of storms which started January 31, included 
a 4 storm February 7 and lasted until February 15. This series was repeated 
on identical dates in 1841. The group gradually decreased in intensity until 
1880 and has not appeared since then. Storms of the May 11 group began to 
appear with a 4 storm November 17, 1882 and have continued up to the pres- 
ent, appearing in both May and November in 1931. A third group of storms 
began to appear April 9, 1858 with a 3 storm and has appeared intermittently 
since then. 

Of the 26 very great storms listed in Table I all but two are apparently 
associated with one of the three semiannual! groups given above. Greaves and 
Newton® found that the very great storms did not belong with those mag- 
netic storms which showed a tendency to recur after a 27 day interval. We 
can now say they do belong to groups of storms with semiannual periods. A 
more complete study of the storms with semiannual periods of recurrence 
will be made in a later paper. For the present, it is sufficient to call attention 
to the fact that there are two types of magnetic storms, one apparently of 
non-solar origin with a semiannual period and another of solar origin with a 27 
day period. The ultraviolet light theory of magnetic storms deals of course, 
only with the storms of solar origin which include about 3/4 of the total num- 
ber. Curve 1 represents a summation of storms of both types. It is not pos- 
sible to separate one type of storm from the other but it seems probable that 
if storms with semiannual period could be eliminated the change in frequency 
from solstice to equinox would be reduced by perhaps 30 percent or from 1/2 
to 1/1.7. 


NARROW BEAM THEORY 


Cortie and also Bauer and Duvall have suggested that the annual changes 
in storm frequency could be explained by changes in the heliographic latitude 
of the earth as viewed from the sun. The axis of rotation of the sun makes an 
angle of 7.1° with the normal to the earth’s orbit and an observor on the sun 
would see the earth move north and south across the sun’s equator much as 
we see the seasonal movements of the sun. Variations in heliographic latitude 
the earth might cause the observed seasonal changes in storm frequency if the 
disturbance which caused a storm moved out from the sun in a narrow beam 
which decreased to one fourth its maximum intensity in a spread of 7°. The 
observed relation between comet activity and magnetic storms'’'' has shown 


® Greaves and Newton, Mo. No. Roy. Ast. Soc. 89, 641 (1929), 
© Maris and Hulburt, Phys. Rev. 33, 1058 (1929). 
" Maris, Trans. Amer. Geo. Union, p. 131 (1931). 
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that the disturbance creating a storm moves out from the sun in a widebeam 
comparable with the distribution of energy radiated from a flat surface. The 
narrow beam hypothesis is, therefore untenable. When we consider the prob- 
lem of a restricted beam the known close relation between the 11 year cycles 
for sun spots and magnetic activity would lead us to expect storm disturb- 
ances from latitudes on the sun where sun spots are most frequent, from + 10° 
to +20°. If we assume a beam which varies in intensity as the cosine of twice 
the angle of departure from the maximum, from latitude +15° on the sun, the 
decrease in intensity as the earth moves from maximum to 0° latitude will be 
about 10 percent, but since a similar beam from —15° solar latitude would 
increase in intensity by about 16 percent during this change the net change 
in solar activity would be an increase of 3 percent. Although we have as- 
sumed a beam narrower than that indicated by the comet activity we find 
the change in solar activity accompanying changes of solar latitude the re- 
verse of that required to explain the seasonal variation in magnetic storm 
frequency. 
ULTRAVIOLET LIGHT THEORY 


The average magnetic storm is made up of three parts two of which are 
world wide while the third is local. The first impulse of a storm is marked in 
the lower latitudes by a very sudden increase in the strength of the horizontal 
component of the earth’s field. This is followed by a much slower and much 
greater decrease in strength for the same component after which there is a 
gradual return to normal field strength. These activities constitute what we 
may think of as the first two, or the world wide, phases of the storm. The 
amplitudes of these changes are approximately independent of latitude. 
Superimposed over the later part of the world wide activities there is gener- 
ally a series of local disturbances which vary greatly in amplitude through- 
out the day. These disturbances center in the polar regions and generally 
show a decrease of 1/5 to 1/10 in amplitude between latitudes 50 and 30 
degrees. We will speak of these local disturbances as the third phase of the 
magnetic storm. Individual storms of course show all possible combinations 
of these three different phases. Some storms show very little local disturbance 
while in others it is almost impossible to detect anything of the world wide 
effect. Local disturbances may be delayed as much as 48 hours in passing from 
one part of the globe to another. 

The ultraviolet light theory”: of terrestrial magnetic storms assumes 
that a sudden increase in the ultraviolet radiation of the sun produces an 
immediate increase in the density of ionization of the earth’s upper atmos- 
phere. Ion drift currents resulting from the combined action of the earth’s 
gravitational and magnetic field produce the first impulse of the magnetic 
storm. Motions of the conducting regions of the atmosphere which result 
from the rapid heating associated with increased absorption of ultraviolet 
light have a dynamo effect which furnishes energy for later phases of the 
storm. 


22 Maris and Hulburt, Phys. Rev. 33, 412 (1929). 
% Hulburt, Phys. Rev. 36, 1560 (1930). 
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First PHASE OF MAGNETIC STORM 


The first phase of a magnetic storm is proportional to the magnetic mo- 
ments of the ion drift currents that cause it, which is given by the expression 


+90 
5= Kf TI cos? wdw (1) 
—90 


where S is the magnetic activity, w is the geographic latitude, J is the ion 
drift current flowing along the parallel of geographic latitude and K is a con- 
stant. The value of this current flowing for any given latitude is 


I = Dew (2) 


where D is the number of long free path ions per cm? vertical column and w is 
the magnetic gravitational drift velocity. W is given by the relations." 


W 


mgA / Hoe, (3) 
and 
A 


cos ¢/(1 + 3 sin? ¢) (4) 


where H, is the strength of the earth’s magnetic field at the equator, m is the 
mass and e the charge of the ion, g is the acceleration of gravity and ¢ is the 
magnetic latitude. From 1, 2, 3, and 4 we have, 

Kmg 


+90 
S = f AD cos* wdw. (5) 
Hy J_9 





Average values for A and @ for the different geographic latitudes, based 
on the assumption that magnetic latitude is symmetrically distributed about 
a pole 20° from the geographic pole, were obtained by calculating values of 
the magnetic functions along the given parallel for each 30° of longitude and 
taking the average of these calculated values. Columns 2 and 3 of Table II 














TABLE IT, 
D/Do M/Mo 
Geograph. A A Solstice Solstice 
latitude averaged Equinox Winter Summer Equinox Winter Summer 

90° 1.0 0.835 1.0 0.920 0.920 0.100 0.920 0.920 
80 0.903 0.804 0.985 0.839 0.974 0.922 0.785 0.911 
70 0.695 0.701 0.940 0.731 0.999 0.690 0.538 0.736 
60 0.494 0.553 0.866 0.602 0.993 0.430 0.299 0.497 
50 0.342 0.405 0.766 0.454 0.956 0.219 0.128 0.274 
40 0.233 0.288 0.643 0.292 0.891 0.092 0.042 0.127 
30 0.154 0.198 0.500 0.122 0.799 0.029 0.007 0.047 
20 0.092 0.133 0.342 0.682 0.006 0.013 
10 0.045 0.103 0.174 0.545 0.001 0.002 

5.808 5 .333 








give respectively the original and the averaged values of A for the latitudes 
shown in Column 1. Columns 4, 5 and 6 give values of D/D» where Dy is the 


™ Hulburt, Phys. Rev. 34, 1167 (1929). 
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value of D at noon on the equator during equinox and columns 7, 8 and 9 give 
relative values of the magnetic moments of J calculated by means of equation 
5. These values are plotted in the curves of Fig. 2 where £ represents equinox 
and S solstice conditons. The area under each curve is proportional to the 
magnetic effect of ion drift currents for the time of year it represents. Denot- 
ing these areas by S, and S,, respectively, we have 


S./S, = 5.81/5.33 = 1.09. 


Therefore the magnetic moment of the drift currents at equinox is 9 percent 
greater than at solstice and since the first phase of a magnetic disturbance is 
proportional to these moments we would expect magnetic storms at equinox 
to be about 9 percent greater in their first phase than those at solstice. A 
rough check of Cheltenham magnetic records shows this to be a fact. 
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SECOND PHASE OF MAGNETIC STORM 


Expansion of the atmosphere due to heating during a solar ultraviolet out- 
burst will produce short lived vertical air movements which may reach a 
velocity of 30 kilometers per hour or more at altitudes greater than 120 kilo- 
meters. Following the vertical displacements, horizontal winds will develop 
which may blow with very great velocities. These winds blowing across the 
earth’s magnetic field give rise, in the short free path region of the atmos- 
phere, to electric currents which will create local disturbances in the earth’s 
magnetic field proportional to the magnetic moments of the currents flowing. 

Vertical air movements may be assumed to provide energy for the second 
phase of a magnetic storm. The magnitude of the disturbance S will again be 
given by Eq. (1). Where J the atmospheric current has replaced the ion 
drift current in the equation. The currents are assumed to flow along parallels 
of latitude and the current J along any particular parallel is driven by the 
electromotive force E of all the vertical wind along that parallel in opposition 
to the resistance R of the entire circuit of the parallel. 


I= E/R., (6) 
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The total electromotive force E for any parallel of latitude is equal to the sum 
of the electromotive forces along the parallel. The local electromotive force 
for any small section dx of the parallel is equal to //V dx, where JI the hori- 
zontal component of the earth's field is a constant, V the velocity of vertical 
air motion varies with the longitude from sunrise to sunset, and dx the dis- 
tance along the parallel is equal to (cos w/r)da. w is the latitude, r is the radius 
of the earth and a is the longitude. We have then 


~~! 


sunset 
e=u _ (V cos w r)da (7) 


I] the horizontal component of the earth’s magnetic field is equal to Hp cos ¢, 
¢@ being the magnetic latitude corrected for wabble of the magnetic pole and 
IT, being the strength of the earth’s field at the equator. The velocity of verti- 
cal air motion is assumed to be proportional to the intensity of the radiation 
which creates it or, V =k cos 8, where 8 is the angle the sun makes with the 
zenith. Since the length of the sunlit path is proportional to cos 8 at noon an 
approximate solution of 7 sufficiently accurate for our use is given by the ex- 
pression 

E/E = cos ¢ cos By? (8) 
where £, is the electromotive force developed at the equator during equinox. 
39 is the angle of the sun at noon. From 6, 7 and 8 we get the following rela- 
tion for magnetic storm activity at solstice and equinox 


. Tt 90 o ®) 
S, >» ae COs @ COs? w cos? B, 

mim IV <a psbtsaesipensienntssinatineeeimnses (9) 
S, » Tp 2 cos @ Cos? w cos? B, 


—90 


where 8, and 6, are the noon angles of the sun at solstice and equinox and 
o the conductivity is 1/R. 

Table III and IV give the summations for a solution of Eq. (9). Column 1 
gives the latitude and column 2 the relative resistance Ry/R where Rp is the 
resistance of the equatorial circuit at equinox and R is taken from Fig. 5 of 
Hulburt’s calculations.'® These values are plotted against the latitude in Fig. 


TABLE III. Solstice. 


Latitude w Ry R cos @ cos? 8 cos? w M/M, 
73 1.50 0.375 0.413 0.085 0.020 
63 1.52 0.507 0.587 0.206 0.093 
53 1.45 0.639 0.750 0.362 0.253 
43 1.35 0.753 0.883 0.535 0.480 
33 ia 0.848 0.970 0.704 0.724 
23 wt 0.925 1.00 0.847 0.870 
13 0.950 0.975 0.970 0.9494 0.852 

3 0.696 0.998 0.883 0.997 0.611 

7 0.508 0.994 0.750 0.985 0.376 

17 0.330 0.958 0.587 0.914 0.170 

27 0.269 0.897 0.413 0.794 0.079 

37 0.216 0.812 0.250 0.638 0.028 

47 0.168 0.708 0.117 0.465 0.006 
45.62 


1 Hulburt, Phys. Rev. 35, 243 (1930). 
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TABLE IV, Equinox. 








— ms: 
Latitude w RoR cos ¢ us? B M/M, 
0 1.00 1.00 1.00 1.00 

10 0.940 0.986 9.970 0.874 

20 0.790 0.944 0.883 0.582 

30 0.655 0.875 0.750 0.322 

40 0.503 0.784 0.587 0.136 

50 0.402 0.677 0.413 0.047 

60 0.331 0.550 0.250 0.011 

70 0.337 0.413 0.117 0.002 


49.48 


3 where the curve E shows resistance for equinox and S for solstice. Column 3 
gives the cosine of the magnetic latitude averaged for wabble of the magnetic 
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pole. Column 4 gives the square of the cosine of the sun’s angle at noon and 
column 5 the square of the cosine of the geographical latitude. Column 5 
being identical with 4 is omitted from Table IV. The last column gives values 
of I/I cos? w where J is the electric current flowing through the atmosphere 
at the latitude given in column 1 and J» is the current which flows at the 
equator during equinox. These values plotted in Fig. 4 give in the area under 
the two curves, the solution of Eq. (9) Se/S,=4.948/4.56 = 1.09 which shows 
that the second phase of a magnetic storm is 9 percent greater at equinox 
than at solstice. 


MAGNETIC STORM LOCAL CHANGES 


The world-wide components of a solar magnetic storm, which were the 
only ones considered in the above calculations, include less than half of the 
total energy of the storm. The remainder of the energy is involved in local 
disturbances of the magnetic field which are probably caused by horizontal 
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winds in the conducting layer of the upper atmosphere. At the present time 
it is rot possible to mak* _ estimate of seasonal changes in these winds, but 
they would reach a maximum at equinox when the noon temperature change 
from the equator to either pole would be a maximum. It seems probable that 
seasonal changes in these winds at great altitudes contribute a large factor in 
determining seasonal changes in the frequency of magnetic storms. It should 
be pointed out in discussing the magnetic effects of winds at great altitudes 
that these winds probably have a world wide symmetry during magnetic 
quiet days when the velocities attained are not great, but they probably con- 
sist of a large number of local turbulent activities during days of magnetic 
storm. We should picture these upper atmosphere storms as being very simi- 
lar to the tornadoes, cyclones and hurricanes in the lower atmosphere. The 
velocities developed may be much greater than any developed at sea level 
but just as in the lower atmosphere the extent of any one turbulence is prob- 
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ably confined to a radius of a few hundred or perhaps a thousand miles. These 
upper atmosphere storms apparently require three or four hours to develope 
and spend their force in about the same time. 


SEASONAL VARIATIONS IN MAGNETIC ACTIVITY 


The seasonal increase in magnetic storm frequency from solstice to equi- 
nox shown in Fig. 1 should be considered as due to three causes. Accidental 
variations in the distribution of non-solar storms accounts for about one 
third of the change. The distribution of these non-solar storms has changed 
completely several times during the ninety year period of the study. There- 
fore, we conclude the distribution is accidental. Since they have a semiannual 
period it is obvious their distribution will be very effective in warping the 
seasonal frequency curve with its semiannual period. It is felt that the assign- 
ing of one third of the frequency change to this cause is a conservative esti- 
mate. A comparison of the second and last colums of Table I shows that a 9 
percent increase in storm intensity would ordinarily result in a 9 percent in- 
crease in storm frequency. It is not certain that the increases calculated for 
the world wide components of a magnetic storm are additive but it seems 
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probable that they are. If this is true, then the world wide components of the 
storm would according to the calculations account for a little less than a third 
of the total frequency change. The remainder of the frequency change which 
amounts to a little more than a third of the whole can be explained as due to 
seasonal variations in the local disturbance effect of magnetic storm. We have 
thus accounted for the entire frequency change from solstice to equinox, one 
third is observed to be due to non-solar storms, a little less than a third is 
calculated to be due to changes in the world wide component of solar storms 
and a little over a third is estimated to be due to seasonal changes in the local 
magnetic effects of winds in the conducting regions of the atmosphere. 
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ABSTRACT 


The method described utilizes a transient heat-flow phenomenon requiring the 
measurement only of time interval and a quantity proportional to temperature dif- 
ference. The theory of the method is fully developed, and apparatus and procedure 
for meeting the conditions of the theory are described, together with methods for 
eliminating and minimizing errors. The results of a test on a nickel specimen are given, 
showing a precision of about 0.1 percent. 


I. INTRODUCTION 


[lS ANALYSING a proposed method for the determination of the Thom- 
son effect' in metals, it became evident that certain physical constants of 
a metal under consideration needed to be known with a precision of about 0.5 
percent. An investigation of standard tables soon indicated that these con- 
stants were not available to this degree of precision, and that for thermal con- 
ductivity and specific heat in particular there did not appear to be in exis- 
tence methods of determination reliable to the degree of precision desired. In 
the case of electrical resistivity, though precision methods exist, the useful- 
ness of tabular data is voided for precise work because there is no accompany- 
ing correlation with respect to the degree and nature of impurities in the 
nominal material, nor with the internal structure as determined by the pro- 
cess of manufacture. Hence, though individual determinations may be of high 
precision, the test specimens always contain traces of impurities and some- 
times very appreciable amounts; yet frequently no chemical analysis or other 
descriptive matter accompanies the data. Since the chemical and physical 
condition of the material influences also the thermal conductivity, though in 
general probably to a smaller extent, and the specific heat, though in general 
probably to a much smaller extent than the electrical resistivity, the same 
uncertainty is present in the use of tabular data for these thermal constants, 
in addition to their greater lack of precision. In some tables the data are aver- 
ages derived from the results of a large number of experimenters.? Even for 


1 To be followed up in the near future. 

2 For example, in the International Critical Tables values for specific heats are given to 
four figures with a temperature correction coefficient of three figures, all figures in bold-face 
type. The following explanation accompanies the table: “Values in bold-face type are best’ 
values deduced from all information available. The accuracy of these values is difficult to 
estimate, but, in general, it may be stated that specific heat data on metals are rarely accurate 
to better than 1%, an uncertainty of several % being not unusual.” For thermal conductivities 
a “most probable” value is given together with a range of as much as 10 percent within which 
the “true” value is supposed to lie. 


515 








516 RICHARD H. FRAZIER 


moderately precise work, therefore, it is necessary to determine these quan- 
tities directly upon the specimens concerned. 

The experimental method outlined in this paper enables the precise de- 
termination of the thermal diffusivity, i.e., the ratio of the thermal conduc- 
tivity to the product of specific heat and density. Since density can be deter- 
mined to a high degree of precision, there remains the necessity for determin- 
ing with precision either the thermal conductivity or the specific heat in order 
to make both available.® 


II. THEORY 


One of the chief difficulties in thermal measurements is the precise deter- 
mination of quantity of heat flow. The feature of the present method is that 
it avoids this measurement by utilizing a transient phenomenon‘ in which it 
is necessary to measure only time interval and a quantity proportional to 
temperature difference, both of which can be obtained with precision. In fact 
no temperature calibration is needed other than an approximate one as a mat- 
ter of secondary interest. 

If a rod of uniform cross section initially in thermal equilibrium has the 
temperature at one end suddenly changed to and maintained at a slightly 
different temperature, the subsequent change in temperature distribution 
along the rod is given by 


4 2  @¢ esc Cee § =e 
AT, = AT41——(e* a sin — + sin —+---}> (1) 


rg 2L 3 2 5 2L 








where A7’,=change in temperature at distance x from the end where the 
temperature is changed, A7'=impressed temperature change, {=time meas- 
ured from the instant of change of temperature, p=k7?/4cpL? =a’r*/4L?, 
k =thermal conductivity, c=specific heat, p=density, L =length of rod; pro- 
vided that the flow of heat is linear, parallel to the axis of the rod and that 
there is no loss or gain of heat other than from the end at which the tempera- 
ture change is impressed. 

The temperature difference between two points a and b on the rod is re- 
presented by 


4 _ mb _ ma e9Pt ( 3b _ dra 
AT, — AT, = “atten sin —— — sin-— } + - sin —— — sin =) 
T 2L 2L 3 2L 2L (2) 


e~*5 pt 5b 57a 
+ (sin = sin) 4 . 
5 2L 2L 








By proper selection of Z all harmonics beyond the third can be made to 
damp out rapidly, and the third harmonic can be eliminated, or very nearly 
so, by selecting a and b so that 


8 A method for the precise determination of specific heat is now being worked upon. 

4L.R. Ingersoll and O. A. Koepp have determined thermal diffusivities of certain soil ma- 
terials by a procedure involving the same principle as is the basis of this method. “Thermal 
Diffusivity and Conductivity of Some Soil Materials”, Phys. Rev. 24, 92 (1924). 
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_ 3b _ 3sra 
sin ——- = sin——» (3) 
2L 2L 
or very nearly so. With the third harmonic eliminated, the equation may be 


written 
AT, — AT» 
————— = Ae + Bert +... , (4) 
AT R 


or after a moderate interval 
AT, — AT, 
AT 


= Ae?! (5) 


very nearly, A, B, etc., being new constants each depending on a, 6 and L. 

If the rod is of metal, the temperature difference between points a and } 
can be utilized to generate an electromotive force in a thermocouple by sol- 
dering a fine wire of metal different from the rod into a small hole drilled at 
a, and a similar wire into a hole drilled at }, the rod itself thus constituting an 
element of the thermocouple. 

If the thermocouple circuit is closed through a galvanometer, the motion 
of this galvanometer during the thermal transient can be analysed on the 
following assumptions: (1) that the flow of current in the thermocouple cir- 
cuit does not affect the temperature difference between a and bd, (2) that the 
electrical resistance of the thermocouple circuit does not change, and, (3) 
that no extraneous electromotive forces exist in the circuit. The differential 


equation of motion is 
d*6 d6 
P— + k'— 
dt? dt 





+rd=Ci (6) 


where P=moment of inertia of suspended parts, 6 = angular deflection from 
position of rest, k’=damping constant, exclusive of electromagnetic damp- 
ing in the circuit, 7 =torsional constant, C=coil constant, 7=current in cir- 
cuit. 

If the further assumption is made that the inductance of the circuit is 
zero, the current can be expressed, 

fq Ses (7) 
r 

where e,=electromotive force of thermocouple, e, =electromotive force due 
to motion of galvanometer, and r = total circuit resistance. But since 


dé 
a) - Cc ~ ? (8) 
dt 
the equation of motion can be written 
d*9 C*\, dé - = 
pP— +(# + —)— + 10 = D(AT. — AT), (9) 
dt* rj dt 


D being a constant depending upon the metals of the thermocouple. 
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The damping “constant” k’ is not strictly constant but very nearly so‘ 
since it takes into account air damping, internal friction in the suspension and 
lower helix and other possible stray sources; but unless the galvanometer is 
much under-damped these are so small in comparison with the electromag- 
netic damping of the circuit that it is permissible to call 


oO 


K = k’ + — (10) 


r 


a constant. The solution of the equation of motion then is, inserting the series 
form of the right-hand member, 


_ { Ae?! Be? \ 
6= Me™ + Ne + O17 $+ H+ + 1D) 

(p—m)(p—xn)  (25p—m)(25p — 2) 

where 
= +(Ge)-3) 
ee — - it — ji - — 

2P 2P a 
(12 


-e- 
= ——[ | — }—- — 
2P 2P | 


and ./, N and Q are constants depending on the impressed temperature 
change and the sensitivity of the galvanometer, and in the case of J and NV 
upon the initial conditions. 

If the proportions of the apparatus are so selected that m and » are very 
large in comparison with /, and so that none of the denominators of the terms 
of the series can become zero, the first two terms of Eq. (11) will vanish very 
rapidly, and the terms of the series beyond the fundamental will vanish sub- 
stantially as for the temperature-difference equation, so that after a moder- 
ate interval, 

—pt 
- QA? ar 43) 
(p -- m)(p — n) , 

very nearly. It isevident therefore that even though the curve of galvanome- 
ter deflections against time converted by the proper calibration factor for the 
sensitivity of the instrument does not correspond point for point with the 
thermal curve, the two curves have the same decrement after a moderate in- 
terval, so that it is necessary merely to determine p from the curve of gal- 
vanometer deflections. 





III. APPARATUS AND PROCEDURE® 


The temperature impulse is obtained by suddenly subjecting one end of 
the specimen to a stream of cold water. The arrangement for this for a nickel 


5 See Laws’ “Electrical Measurements”, p. 25. 

® A number of schemes which were tried but discarded due to inherent difficulties in con- 
struction of apparatus or in making observations are not mentioned here due to lack of space. 
Complete data are on file. 
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specimen is shown in Fig. 1. The exposed end of the specimen is sweated into 
a thin flanged collar also of nickel. This flange is soldered to the top of a thin 
nickel tube surrounding the specimen and slightly longer. The bottom of the 
tube is closed by a nickel disk. The top of the nickel tube is expanded and sol- 
dered into a nickel disk which in turn rests upon and is soldered to a shoulder in 
an outer nickel tube, longer than the inner one. The stream of water passes over 
the top surface of the specimen and disk but cannot penetrate below that level. 

The space between the tubes and the specimen below the disk is evac- 
uated. The surfaces of the specimen and tubes are polished. The tubes being 
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Fig. 1. Section through specimen. 





of the same material as the specimen and of nearly the same length below the 
water have nearly the same temperature distribution (especially the inner 
tube) as the specimen and consequently constitute thermal guards. These ar- 
rangements result in reducing the loss or gain of heat by the specimen other 
than from the top surface to a negligible amount, and hence in attaining sub- 
stantially linear heat flow. 

At a and at } on the specimen is soldered a fine copper wire extending 
through the specimen in a small hole. Outside the specimen these wires aer 
enamel-covered. Each is led through a small hole in the inner tube directly 
opposite the point of junction with the specimen, wrapped once around the 
tube and attached to the tube by shellac. The wires are then led out through 
the vacuum hose to the galvanometer. 
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The complete apparatus is shown diagrammatically in Fig. 2. The de- 
flections of the galvanometer are observed by means of a telescope and scale. 
The time at which predetermined scale divisions are reached is recorded on a 
chronograph the time standard for which is established by a calibrated pen- 
dulum. The fifth harmonic of the temperature difference-time curve for this 
specimen becomes negligible after 60 seconds have elapsed, and the higher 
harmonics become negligible sooner.’ By the method of least squares an ex- 
ponential curve is fitted to the galvanometer deflections taken subsequent to 
this time and p determined therefrom. 

Though in theory the procedure is almost ideal, in practice there were 
certain errors which had to be eliminated or compensated for in order to pre- 
serve the precision. 

The most troublesome of these errors was due to elastic fatigue in the gal- 
vanometer suspension and lower helix. A number of different galvanometers 
were tried and many combinations of suspension and lower helix of different 
materials, lengths, and cross-sections before a combination was found which 
had a very good straight-line characteristic for deflections read at the proper 
time after closing the galvanometer circuit, and which also had a fatigue ef- 
fect less than 0.5 percent of full scale deflection and so consistent that it 
could be corrected for with precision. As a basis for the corrections, a series 
of up-scale deflections were taken, the readings being made at such intervals 
after closing the galvanometer circuit as (in accordance with the amount of 
damping) should be required for the galvanometer to come within 1/10,000th 
part of its ultimate deflection. This interval was about 6 seconds, while the 
further deflection due to elastic fatigue required several minutes. The gal- 
vanometer then was put through approximately the same cycle as caused by 
the thermal transient by means of the dropwire test circuit, Fig. 2. The dif- 
ferences between corresponding down- and up-scale readings constituted the 
corrections. A number of such tests were made, some intermingled with the 
diffusivity runs. The results of these showed a maximum average deviation 
from straight line for the up-scale deflections of about 1 part in 2000, and a 
maximum probable error for the corrections of about 0.005 cm. The scale 
reading could be estimated to 0.01 cm or about 1 part in 1000 to 4500 accord- 
ing to the size of the reading, so that the probable error of the corrections and 
the deviation of the current sensitivity from a constant value were within the 
range of uncertainty of estimating the galvanometer readings. 

In order further to preserve the validity of the readings, corrections were 
made to allow for the flatness of the scale by making use of the relation 





a> 268 
280(tan @ — 0) = 280(— +—+--- ), (14) 


3 5 
280 cm being the scale distance. Since there were practically no errors due to 


7 For the apparatus now in use the location of the junctions is such that (wa/2L) =0.0523, 
or 3° and (7b/2L) =0.995, or 57°. For the apparatus on which the results reported herein were 
obtained the corresponding figures were 5° and 60° which introduced a small third harmonic and 
necessitated a larger interval prior to the taking of useful observations. 
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mechanical vibration of the galvanometer during the runs, it may be said 
that except for the smaller deflections near the ends of the runs, the individual 
corrected readings could be considered reliable within 1 part in 1000 or better. 

The pendulum was calibrated to 1 part in 20,000. The chronograph pen- 
cils were adjusted by placing their operating coils in series and regulating for 
simultaneous operation. There was of course a certain time lag in the opera- 
tion of the pencils subsequent to the closing of their operating-coil circuits, 
but since the same lag was present in each motion of each pencil, there was 
no resulting error. The chronograph could be read to 0.01 second which prob- 
ably was considerably shorter than the reaction time of the observer. This 
time however is of negligible consequence unless it should vary greatly. 

Since some 25 to 30 useful readings were made for each run, extending 
over a period of about 4 minutes, it is seen that the precision with which the 
deflection and time for each point can be determined permits the most prob- 
able exponential curve represented by the points to be located with a degree 
of precision much higher than that of the individual points. 
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Fig. 2. Diagram of apparatus. 1, Water pipes; 2, Compressed air pipe (for blowing out water 
after run); 3, Water trap; 4, Thermometers; 5, Magnifying glass; 6, Specimen; 7, Glass tubing, 
vacuum system; 8, Vacuum pump; 9, Pendulum; 10, McLeod gauge; 11, Chronograph. 


In addition to investigating the precision with which the individual read- 
ings can be made, it is necessary to investigate how well the conditions de- 
manded by the theory are represented. 

It is essential to have the specimen in thermal equilibrium before starting 
a run. This was checked until the temperature difference between junctions 
on the specimen was less than 0.001°C, the impressed temperature change be- 
ing about 5°C. The galvanometer was checked on short circuit before and af- 
ter each test for internal thermoelectric effects. 

The theory calls for no loss or gain of heat by the specimen except through 
the exposed end. The temperature difference between the inner guard tube 
and the specimen was determined by means of several auxiliary junctions lo- 
cated on the guard tube. Calculations based on these differences showed that 
by the most pessimistic assumptions the losses by radiation, conduction 
through air and the thermocouple leads could not exceed 0.07 percent of the 
change in heat content of the specimen during the run, and probably were 
more nearly of the order of 0.01 percent. The vacuum of 1 micron needed to 
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reduce air conduction to the amount involved in this calculation was checked 


by means of a McLeod gauge before and after each run. 

The theory also calls for an instantaneous change in temperature at the 
top end of the rod and a steady temperature thereafter. Since such conditions 
are impossible to attain absolutely on account of the necessity of a small tem- 
perature drop in the water, the question arises as to how closely the conditions 
were approximated.’ In order to settle this point two things were done, (1) 
the temperature of a point near the surface of the specimen was tested by 
means of a thermojunction placed there and (2) these tests were made at dif- 
ferent rates of water flow. The first tests showed that within the uncertainty 
of the effective distance of the junction from the surface of the specimen, a 
point which could be considered to be within a few thousandths of a centi- 
meter from the surface came up to the water temperature as rapidly as can be 
predicted from the theory based upon an instantaneous temperature change 
at the surface. The second tests showed no significant difference in the results. 

Slight changes in the water temperature itself during a run have no serious 
effect if they occur shortly after the initial impulse. Each successive impulse 
will after a moderate interval reduce to substantially a single exponential and 
therefore the sum also will reduce to a single exponential. Changes which oc- 
cur later in the run do produce an error however, which probably is the chief 
error remaining in the apparatus and accounts for the major part of the dif- 
ference between results of different runs. In several runs changes of about 
().01°C were observed and an approximate correction applied. 

The thermojunctions in the specimen may be several thousandths of a 
centimeter from the positions on which calculations are based, but this is of 
no consequence, since the small third harmonic thus introduced would dis- 
appear long before the time at which observations are utilized. 

The thermocouple leads are passed under a block of metal shortly after 
being brought out of the apparatus in order that the change in temperature 
of the galvanometer circuit may be limited to a short portion near the speci- 
men. Thus the change in resistance of the galvanometer circuit during a run 
is kept within about 0.03 percent. 

The electrical time constant of the galvanometer circuit is of the order of 
10-4 second or less and hence can be ignored. The quantities m and n com- 
pare with as below: 


m = 0.63; n = 4.0; p = 0.0041. 


8 A calculation of the thermal resistance of the so-called “film” of water which might be 
conceived to exist at the top of the specimen can give such magnitude as to be quite appreciable 
or entirely insignificant, depending upon the assumptions made and the heat-transfer data 
selected. These data vary quite widely, and to the writer’s knowledge there are none which re- 
late at all closely to the conditions of this experiment. In this experiment the liquid impinged 
with a jet action directly upon a small surface from which the heat was transferred, causing a 
condition of extreme turbulence, and the quantity of water used was very great in proportion 
to the heat removed (about 10,000 gm per cal). Most heat-transfer data are average figures com- 
puted for flow parallel to the walls of relatively long pipes through which considerable heat is 
transferred. 
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The precise calculation of M and N is quite tedious, but it can be shown very 
readily by means of a rough calculation that they are sufficiently small that 
the terms ./e~™ and Ne~™ vanish within much less than 60 seconds. 

The results obtained thus far represent an average over about a 5°C range 
in the neighborhood of 25°C, and since the diffusivity varies about 0.1 per- 
cent per degree C the exact temperature for which the results apply cannot 
be stated. This however is not a serious flaw in the method, since by intro- 
ducing higher galvanometer sensitivity and better temperature control, the 
temperature interval can be much reduced. In fact, by the expenditure of 
more money for more elaborate apparatus, the expenditure of more time and 
effort, and the use of several observers, the writer believes that the precision 
of the determination could be improved far beyond that attained in the fol- 
lowing example. 


IV. Spectric EXAMPLE 


The following are the results of a series of runs on a nickel specimen of the 
following analysis.°® 


Cobalt 0.01 percent Manganese 0.23 percent 
Copper 0.06 Nickel 99.23 
Carbon 0.12 Silicon 0.06 
lron 0.27 Sulphur 0.07 


The specimen is cold drawn rod obtained from H. Boker and Company, Inc., 
ground to precise diameter by courtesy of Cincinnati Grinders Incorporated. 

Six runs gave the following results, uncorrected for the pendulum calibra- 
tion: 











Run p AT Average T 
11 0 .004,103,8 +0 .000,001,1sec._; 5.64°C 25.16°C 
13 0 .004,093 ,6 +0 .000,001,1 4.80 24.70 
14 0 .004,104,0 +0 .000,002,2 4.92 24.55 
15 0 .004,086,8 +0 .000,001,5 5.27 24.84 
16 0 .004,097,5 +0 .000,001,0 4.86 24.64 
5.29 24.80 


17 0 .004,076,1 +0 .000,002,0 














From these runs the most probable value is, 
p = 0.004,093,6 + 0.000,003, Isec.—1. 


The reason for the probable error of the final result being larger than the 
probable error for the individual runs is believed to be due almost entirely 
to slight changes in water temperature during the runs. 


® Analysis by Arthur D. Little, Inc. 








524 RICHARD H. FRAZIER 





From the pendulum calibration a correction factor of 1.00063 +0.00005 


must be applied, giving finally, 


p = 0.004,096,2 + 0.000,003,1 sec. —1 


- 





But 
kr? 

dea top’ 

L= 9.501 + 0.001 cm and 

p = 8.848 + 0.004 gm cm~*. 
Hence 

a? = 0.14985 + 0.00012 cm® sec.-1 
and 


k 
— = 1.3269 + 0.0012 gm cm“! sec._1 
C 
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ABSTRACT 


It has been pointed out by Thomas that, if a solution of the equations of equilib- 
rium for a slowly contracting or expanding fluid sphere has been obtained, the exact 
conditions of dynamical stability can be applied without difficulty. A particular solu- 
tion of the equations of radiative equilibrium for a fluid sphere contracting homo- 
logously without internal generation of energy has been obtained. The opacity was as- 
sumed to obey Kramers formula. By assuming a central temperature and total pres- 
sure of the order of magnitude expected for stellar interiors, the logarithmic rate of 
contraction was adjusted so that the boundary conditions, viz., P=0, T=0, for a 
finite r and m, were satisfied. This solution has been found to be dynamically stable 
(at least for radial displacements) for values of the ratios of specific heats of material 
between 5/3 and 1 corresponding to all possible values of the specific heat at constant 
volume of a perfect gas. 


INTRODUCTION 


REVIOUS investigations* of the stability of stellar models have usually 

been made by considering a varied motion constrained to have one or two 
degrees of freedom, e.g., a uniform dilatation. If the constrained motion is un- 
stable, the model is unstable; while if the constrained motion is stable, the 
model may or may not be stable. Thomas! has pointed out that if a solution 
of the equilibrium equations for a slowly contracting or expanding fluid sphere 
has been obtained, the complete conditions for dynamical stability can be ap- 
: plied readily. 
With this in view, a solution was obtained of the equilibrium equations 
for a fluid sphere, which contracts or expands homologously without internal 
generation of energy, and for which the opacity is given by Kramers? formula. 
The conditions for dynamical stability were then applied and this model was 
found to be dynamically stable. 





ParT I. SOLUTION OF EQUATIONS 





The equations of equilibrium for a fluid sphere in radiative equilibrium 
contracting homologously without internal generation of energy are: 








dP pGm (1.1) 
dr r 
L c hUd 
= — —(aT*) (1.2) 





4rr? 3kp dr 


* Jeans, reference 2, p. 118. H. Vogt, Jena Observatory Bulletin 2, 10 (1929). 
1L. H. Thomas, Monthly Notices of the Royal Astronomical Society XCI, 624 (1931). 
2 Jeans, Astronomy and Cosmogony, 1929, p. 84. 
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f’ 1 db 
(3R —C,)pT = — — (1.3) 
f dar* dr 
where 
dm 
— = 4ar%p (2.1) 
dr 
P = p+ p, = pRT + 3aT (2.2) 


The notation is that of Eddington.’ P is the total pressure, p, the radia- 
tion pressure, p the gas pressure, 7’ the temperature, p the density, L the 
luminosity, at a radius 7, f’/f the logarithmic rate of contraction, and m the 
mass contained within a radius r. ¢ is the velocity of light, a is Stefan’s con- 
stant, R is the universal gas constant, G the constant of gravitation, and C, 
the specific heat of a gas at constant volume. We take the opacity & as given 
by Kramers’ formula;* 


k = 4.46 X 10%Z*/ Au: pT 5 


with Z?/Ayu=12.5. By putting in the values of the physical constants, and by 
using convenient units, viz.: 

P,10" dynes/cm?*; 7, 10° degrees absolute; m, 10° grams; 7,10" em; L, 
10* ergs/cm?*; we find: 


dT Lp 

-= — 2.793 x 105 —— (4.1) 
dm re 
dp m dT 
— = — 53.00— — 1.019 & 10-273 — (4.2) 
dm rt dm 
dr 
— = 3.287T/r*p (+.3) 
dm 
dL 
a (4.4) 
dm 


where P has been replaced by p+1/3aT7‘ and 
0.6195 K 10"/'/f 


a 


for 
C, = 3/2R. 


It is to be noted that a change in C, will alter a but will not change its 
order of magnitude, unless C,~3R when the contraction or expansion be- 
comes very rapid and our equations break down. 

With central temperature and total pressure equal to 5 10° degrees ab- 
solute and 8.5917 X 10" dynes per cm.? (gas pressure 7 X 10") respectively, we 
computed two solutions corresponding a=0.17 and 0.175.(f’/f=2.74X 107%, 


3.1L. H. Thomas, M.N.R.A.S. XCI, 122 (1931). 
4 Eddington, Internal Constitution of the Stars, 1929. 
5 Jeans, reference 2, p. 84. 
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or a past life of 10° years). In the first of these solutions, the pressure ap- 
proached zero and the temperature remained finite and in the second, the 
termperature approached zero and the pressure remained finite as m in- 
creased. By interpolating between these two solutions,’ a solution for which 
both became zero within one mass interval was found. These solutions are 
given in Table I. 


TABLE I. Solutions of equations. 























a=0.17 a =0.175 
MxX10-" PX10™ TX10-@ rX10-" t LX10-* | Px10-2 TX10-° +rX10™ Lx10-% 
0 7 5 0 0 | 7 5 0 0 
0.1 5.6196 4.7783 0.89570 0.085 | 5.6196 4.7718 0.89570 0.0875 
0.15 5.1976 4.6949 1.0699 0.12562) 5.2010 4.6852 1.0696 0.12926 
0.2250 4.7298 4.5591 1.2645 0.18548 | 4.7366 4.5848 1.2638 0.19076 
0.270 4.5448 4.5529 1.3545 0.22066 4.5532 4.5360 1.3536 0.22680 
0.324 4.3422 4.5009 1.4515 0.26246) 4.3524 4.4804 1.4500 0.26966 
0.3588 4.1208 4.4423 1.5563 0.31204} 4.1330 4.4178 1.5542 0.32046 
0.4666 3.8794 4.3761 1.6701 0.37080 | 3.8930 4.3462 1.6680 0.38060 
0.5000 3.6170 4.3011 1.7943 0.44028 | 3.6322 4.2642 1.7914 0.45164 
0.672 3.3334 5.2159 1.9303 0.52218 | 3.3516 4.1698 1.9260 0.53522 
0.8064 3.0280 4.1191 2.0797 0.61850 | 3.0498 4.0604 2.0742 0.63330 
0.9676 2.7016 4.0087 2.2463 0.73138 | 2.7278 3.9322 2.2382 0.74784 
1.1604 2.3570 3.8833 2.4327 0.86276 | 2.3886 3.7804 2.4206 0.88052 
1.391 1.9968 3.7407 2.6437 1.0150 2.0358 3.5964 2.6254 1.0331 
1.669 1.6220 3.5783 2.8887 1.1918 1.6718 3.3634 2.8596 1.2081 
2.003 1.2404 3.3961 3.1789 1.3950 1.3082 3.0478 3.1298 1.4047 
2.403 0.8616 3.1989 3.5351 1.6260 0.96600 2.5462 3.4426 1.6181 
2.883 0.49696 3.0027 4.0039 1.8870 0.71400 1.1984 3.7936 1.8319 
3.459 0.16286 2.8481 4.7175 2.1810 
Interpolated Solution 
a=,.17 

1.1604 2.3700 3.8300 2.4300 0.88052 
1.391 2.0156 3.6680 2.6386 1.0306 
1.669 1.6430 3.4842 2.8774 1.2040 
2.003 1.2688 3.2532 3.1586 1.4018 
2.403 0.92020 2.9662 3.4964 1.6230 | 
2.883 0.57260 2.5812 3.9124 1.8650 

3.459 0.26420 1.9834 4.4699 2.1178 
4.151 0.04140 0.3880 5.3245 2.3512 


A solution for which p tends to zero while 7 remains finite has no physical 

meaning because it approaches an isothermal solution at large distances and 

thus has infinite mass. The other solution for which 7 tends to zero and  re- 

mains finite, has a finite mass. As the surface is approached, the above equa- 

tions of equilibrium break down as soon as the outward flow of radiation is 

comparable to the total radiation present. We believe that it is possible to fit 

an atmosphere in adiabatic equilibrium to such an interior, provided that the 

pressure remaining is not too large. 

All the solutions for stars of this mass contracting eo can be 

obtained by altering the internal pressure, temperature, and radius, for a 
given included mass in proportions given by Lane’s law, v7z.: 


Fear* per“. 


® Eddington, Internal Constitution of the Stars, p. 125. 
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Further: 
La rt? 
La« rl? 


re«0nr 


where / is the past life, and 7°, is the effective temperature. 

The mass of this star is about that of 8 Aurigae A or of Sirius A.7 The 
luminosity per gram corresponding to the radius of Sirius would be 1.9 times 
that of the Sun. As in Eddington’s model, the luminosity is too small. 





Part II. DYNAMICAL STABILITY 


Besides the condition of dynamical equilibrium, there are three conditions 
of stability—the Euler, the Legendre, and the Jacobi. The first two of these 
relate to the matter at each point in the solution while the last relates to the 
solution as a whole. If the matter at each point is stable by itself, the first 
two hold. The Jacobi condition demands that for any adiabatic displacement 
of the solution there shall be no point m in the solution for which the value of 
r remains unchanged. The last condition is applied to this solution below. 

The entropy of a perfect gas with radiation is given by: 





s=4/3aT*o + fovr-ar + Rloge. 


The total pressure is given by: 
P = 1aT‘+ RT/o 


where ¢ = 1/p =volume per unit mass. 
By taking 5s =0, we derive: 





56P 
isc = — 3 P4R/e : 
a 
RT/o? + i 


(4aT?o + C,/T) 
Then, with (1.1) and (2.1), we obtain 














d Gmév 
dm Arr? 

d ob P 
dm Py 


where v=4/3rr° 
and 








o? 4aT’o + C,/T 





oo 


o | + eee) 


This is the same y as given by Eddington.® 


7 Jeans, reference 2, p. 59. 
§ Eddington, reference 4, p. 191. 
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Starting with 6P =1 and 6v=0 for m=0, 6v was computed at each point 
in the solution of the equilibrium equations. The Jacobi condition demands 
that there is no other point for which 6v is zero, (6v=47r*6r). The diagrams 
show how 6P and 6év vary with m for stable (1) and unstable (II) solutions. 





éP— 
éP 








dv — 
dv => 








Figs. 1 and 2. Stability curves. 


For C,=3R/2,y =5/3 the test was applied exactly. For the limiting cases 
C,=3R, y=4/3, and C,=%, y=1; ¥ is constant throughout the star; but 
in the former case, our tests are only approximate on account of the rapid 
contraction or expansion. , 

We obtain curves such as I and conclude that the star is dynamically 
stable in all these cases. 

I wish to thank Dr. L. H. Thomas for the suggestion of this problem and 
for considerable assistance during its progress. 
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Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editors 
does not hold itself responsible for the opinions expressed by the correspondents. 


On the Electric and Photoelectric Properties of Contacts between 
a Metal and a Semiconductor 


In a previous paper one of us has developed 
a theory of the electric resistance of contacts 
between two metals, based upon the idea that 
a contact can be treated as a gap of a definite 
width much larger than the atomic distance, 
through which electrons penetrate according 
to the laws of wave mechanics.! 

The dependence of the current strength J 
upon the potential difference across the gap 
V, is determined for very small values of 1; 
by Eq. (7) loc. cit. For larger values of V; the 
Fermi distribution function f.(1V.+R) where 
R=W,+W,. cannot be replaced by /f,(IV. 
+U.a»+R); so that we get the following exact 
formula 

de f* = 
I=; = | dW DW.) | aR[fe(We + R) 
a sai (1) 
—f(W, + R+ Us + Vi). 
D,(W,) isthe transmission coefficient through 
the contact for electrons which in a have kin- 
etic energy JV’, in the x-direction. 

The letter a refers as before to that metal 
for which W,< IVs, i.e., which is the poorer 
conductor, or to the semiconductor, 6} de- 
noting the good metal, W°=W.+R+Ua4+N 
is the kinetic energy in } of an electron which 
has a kinetic energy W,+R in a (the total 
energy being the same in both cases). Only 
such electrons will be able to pass from b to a 
for which W,°>U.a.+Vi. The equilibrium 
equation f.(W.)=f,(W.+U4a») is valid ac- 
cordingly for W,>>U.,» only. For smaller 
values of W,, f,(W.°) cannot be replaced by 
fa(W.z'— Ua») as was done in the previous 
paper. 

A semiconductor can be treated in exactly 
the same way as a metal with a relatively 
small number of free electrons nm, per unit vol- 
ume. Putting ma=//f". fadr.drjdr, and 
fa=2(m/h)e" —¥/*T according to Maxwell's 
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law, to which Fermi’s law reduces for small 
values of m4, we get 
; ™ Nah*® 
Wa = kT log ae 
2(2armkT) 
where m, as a function of the temperature 7 is 
given by the equation 
te = Ngenta! tT, 
With ,=10", 10% and 10'S, we get for IT 
negative values W, = —18kT, —11kT, —9.5kT 
respectively. The corresponding quantity for 
the metal } (IV,) is positive and approximately 
equal to the maximum kinetic energy of 
the electrons at T7=0. Putting f,=2(m/h)' 
(1/(e”-W)/*7 4+.1)) we get from (1) 
4rkTm 
J] = 


— "f dW’ ,D,(W,) [ene V2" 
h® 0 


— log (1 + eae War] (2) 
where a=1/(kT). In the case of a sufficiently 


large positive value of V; (electrons flowing 
from a to b) we can put 


log (1 + ileal. = eo We-Wa Vy). 
whence 
I= 101 — (3) 
with 


Na 


f aw.r dee" 
0 
denoting the “saturation” value of the cur- 
rent in the direction ab. For the opposite direc- 
. ° yl: 
tion we get in the same way, so long as | Vi| ts 
smaller than | Wa| =— Wa 
I = Io(e*!¥1! — 1). (3a) 
These equations express a very high rectifica- 
tion effect in the direction metal semicon- 


1 J. Frenkel, Phys. Rev. 36, 1604 (1930). 




































ductors, the relative abundance of electrons 
in the former becoming effective for such 
values of V; which are larger than kT and 


smaller than —IW,.2 Putting D,(W-) 
=e-1Va-Wz"") we have approximately 
kT \12 @-WUQ)"? 
aed) ar 
~ 2(Wa)!!? 


or since 4 = N,e~*/*? 


To = A(T)"!2e7ta! #? (3b) 
This expression for the “saturation” current 
is similar to that which corresponds to the 
Richardson effect. 

As a matter of fact D, increases with in- 
crease of the applied p.d. V; according to the 
equation 

Dy = Doe®!*! 

with 81.5 if V; is expressed in volts, which 
explains the actual lack of saturation, since 
I) in (3) and (3a) is replaced by the pro- 
duct of (3b) with e'!) If —VWi=|V] is 
larger than —IW.=!W.! we can replace 
log 1 +e-1W2Wa+V1) | by a(| r,| = | W.| 
—IWV.) so long as W,<| V;| - | Wa| and 
neglect it altogether in the opposite case. 
This gives by (2) for the current in the direc- 
tion ba: 


? 

j= [2 vd —taraereaneae Ja 
The first term in the square brackets is practi- 
cally independent of the temperature while 
the second rapidly increases with it (accord- 
ing to (3b)). This seems to explain the disap- 
pearance of rectification for sufficiently high 
temperatures. 

The illumination of the place of contact be- 
tween a metal and a semiconductor, Cu and 
Cu,0 say, produces, as has been first shown by 
Lange, an unusual photoelectric effect, which 
consists in the flow of electrons from CuO (a) 
into Cu (b). This “contact” photoelectric 
effect is intimately connected with the “inner” 
photoelectric effect of CusO, revealed by the 
increase of its conductivity under illumina- 
tion. The low value of the threshold frequency 
for the contact effect (0.7 volt) compared 
with the outer one (~4 volts) is due to the 
fact that the electrons can pass through the 
potential energy mountain across the gap 
with negative kinetic energy. The fact that it 
is somewhat higher than for the inner effect 
is probably due to the increase of the trans- 
parence coefficient D(W,) with increase of the 
initial kinetic energy of the electrons set free 
by the light. The fact that the latter does not 
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produce a current from the metal into the 
semiconductor, is due to the relatively small 
probability of the photoelectric effect fora 
“free” electron (in the metal) compared with 
the probability of this effect for a “bound” 
electron (in the semiconductor). The current 
Io directly produced by the light can be as- 
sumed to be practically independent of the 
temperature. Now the stream of electrons 
coming from the semiconductor into the metal 
will cause a change of the contact p.d. be- 
tween them by a certain amount Vi, which 
in its turn will produce a current in the reverse 
direction. If there is no other connection be- 
tween the two bodies, V; will reach a station- 
ary value defined by the equality of the two 
currents, i.e. by the equation 
I. = To(e"s/*7 — 1), 

or so long as the photoelectric potential dif- 
ference V; is small compared with kT (as a 
matter of fact it is of the order of magnitude 
of a few millivolts, i.e., about 10 times smaller 
than kT) 

kT 
Vv, = —: 

To 

This formula explains the dependence of V; 
on the intensity of light (as measured by J.) 
the temperature (Jo rapidly increases with 7) 
and upon the transmission coefficient D to 
which J is proportional. In the case of a good 
contact the photoelectric e.m. force V; will be 
vanishingly small—just as well as the recti- 
fication, which requires sufficiently large 
values of V; obtainable only with relatively 
poor contacts (i.e., small values of Jo). For a 
detailed treatment of the subject outlined in 
this note the reader is referred to the first 
issue of the “Physics of the Soviet Union”— 
a new Russian journal in foreign languages 
which will be issued monthly from the end of 
January 1932. 


as 


J. FRENKEL 
A. Jorrté 
Leningrad, Physico-Technical Institute, 
November, 1931. 


2 It should be remembered that V; denotes 
that part of the e.m. force acting in the cir- 
cuit which corresponds to the contact gap 
alone. A relatively high resistance of the contact 
is thus essential for the rectification action. Ex- 
pressions of exactly the same type as (3) and 
(3a) have been recently obtained by C. 
Wagner (Phys. Zeits. 32, 584, 1931) with the 
help of an entirely different picture of the 
mechanism of rectification which we think to 
be highly improbable. 





LETTERS TO THE EDITOR 


On a General Method of Treating Uncomplete Systems 
in Quantum Mechanics 


Let us divide the variables specifying a 
complicated system into two sets x and gq. 
The corresponding Hamiltonian H can be 
divided accordingly into three parts, A de- 
pending upon x alone (and the associated 
operators (h/27i)(0 0x)), L depending on q 
alone, and U depending both upon x and gq. 
U can be considered as the mutual energy of 
those two parts of the system A and B which 
are specified by the variables x and q. 

Denoting the characteristic values and 
functions of L with L’ and xz, we can expand 
the solution of (JJ—H’')¥y-=0 into a series 


y= Lon (s)1-@) (1) 


where the functions ¢ (x) which play the 
role of expansion coefficients can be easily 
shown to satisfy the equation 


Ko. + SU Len = (H’ - Lo." (2) 
7 
with 
Uni = | xp Uzpdg. 


Eq. (2) can be written in the matrix form 
Jo = J’: (3) 


if @ is defined as a one-column matrix with the 
elements ¢: and J as a two-dimensional 
operator matrix with the elements 


Juiy = Kopi + Up. (4) 


It can be regarded as a sort of generalization 
of Pauli’s or Dirac’s equation for the spinning 
electron, the characteristic values of Z play- 
ing the role of the spin coordinates. If the 
system under consideration is a complicated 
particle which we wish to treat as a material 
point moving in an external field of force, then 
we can define x as the coordinates of the center 
of gravity and replace the coordinates g speci- 


fying the inner motion by the corresponding 
quantum numbers L’. The properties of 
the particle (atom, molecule) due to its inner 
motion will be represented by matrices, 
which may be considered as a generalization 
of Pauli’s or Dirac’s spin matrices (we have 
for example in the case of the motion of an 
atom inan electric field E(x): Upp = — E(x) 
*>Prep, where Py’, are the matrix elements 
of the electric moment of the particle). The 
same method can be applied to the interac- 
tion between two particles, treated as ma- 
terial points, as this has been done by Fermi! 
in his theory of the hyperfine structure of the 
spectra. The nucleus is specified here by a 
matrix representing its magnetic moment and 
its mutual action with the electron is treated 
as a one-sided perturbation due to the mag- 
netic field of the nucleus (considered as an 
external field). 

A similar replacement of the mutual action 
of two parts of a system A and B by a one- 
sided action of one of them B on the other A 
is found in Heisenberg’s theory? of the inter- 
action between matter A and radiation B. In 
this theory the uncomplete Hamiltonian 
K+U is used to specify the system, without 
the part Z appearing in Dirac’s theory, the 
results of both theories being the same so 
longas U istreated as a matrix with regard to 
the quantized states of the e.m. field. 

Neither Fermi nor Heisenberg seem to have 
recognized the general character of the method 
which they have used and the possibility of 
establishing its strict validity as has been 
shown in this note. 

J. FRENKEL 

Leningrad, Physico-Technical Institute, 

November, 1931. 


1 Fermi, Zeits. f. Physik 60, 320 (1930). 
2 Heisenberg, Ann. d. Physik 9, 338 (1931). 


Quantitative Study of the Quenching of Fluorescence and of the 
Transfer of Energy in Iodine Vapor 


As it has already been shown by Wood, the 
resonance spectrum of iodine undergoes two 
types of change when its vapor pressure is in- 
creased or a foreign gas is mixed with it. We 
have first the total weakening of the spectrum, 
due to the dissociation of the excited mole- 
cules upon collision with normal ones, (quench- 
ing). The second effect is the appearance of a 





new spectral series of iodine, corresponding to 
transitions from other vibrational levels of the 
excited molecule to those of the normal one 
Thus a collision of an excited molecule (J’:) 
with another one (uz) leads to two processes: 


J's + u— J+ J + u (quenching), (1) 
J(v':) + u— Jo'(v'2) + u (transfer of energy). (2) 
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This investigation was undertaken in order to 
establish some quantitative relations between 
the probabilities of both processes. Hydrogen 
and nitrogen were used as foreign gases. 

The resonance series excited by the green 
and yellow lines of mercury were studied. The 
results are as follows: 

In the hydrogen mixture, in the case of the 
excitation by the line 5461A we havetransitions 


v” = 26— 25, 24 and 27, 28. 


The collision radius corresponding to the 
change of the vibrational energy to one quan- 
tum (Av’=+1) is approximately 4 times 
greater than the gas-kinetic one, while in the 
nitrogen mixture correspondingly 12 times 
greater than the gas-kinetic one. In the nitro- 
gen mixture, beside the above process (v’ 
=26-25, 24, 27, 28) a considerable change 
of the rotational energy is taking place—in 
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agreement with Oldenberg’s considerations. 
The effect is manifested in the appearance of a 
continuous background of considerable inten- 
sity, while in the hydrogen mixtures it is prac- 
tically absent. 

All the members of a certain series are re- 
duced in intensity quite equally. The same 
results were obtained by Turner in his experi- 
ments with the quenching of iodine fluores- 
cence by magnetic field. In contradiction with 
Turner's results we have found that within the 
experimental error (20 percent) the resonance 
series excited by different lines are weakened 
equally. 

Full details of this investigation are going 
to be published shortly in the new Journal of 
Physics of U.S.S.R. 

M. ELIAsHEVICH 

Chemical-Physical Institute, Leningrad, 

December 14, 1931. 


The Ultraviolet Absorption Spectrum of Ozone 


We have investigated the ultraviolet ab- 
sorption of ozone as it is formed in an ozonator 
in the moment of a silent current passing 
through it. In the range of frequencies 29000- 
33000 cm 75 bands were measured with an 
accuracy of about 5 cm for most of them. 
The band-heads may be represented with 
sufficient accuracy by the following formula: 


v = 20404 + 335, 5(0s + 3) — 7, 5(0'1 + 4) 
+ 59(v’2 + 3) — 433(0"; + 3). 


Our frequency 433 cm practically coincides 
with that of 435 cm™ obtained by Wulf (Proc. 
Nat. Acad. Sci. 16, 507, 1930) from the analy- 
sis of the visible spectrum of ozone. This fre- 
quency, as it seems, must be interpreted as 
due to the transverse vibrations »; (Mecke’s 
deformational vibrations) of the molecule 
O;SO that a linear form must be assigned to it. 
In that case according to Dennison, the fol- 
lowing relation must exist between the two 


longitudinal frequencies v3:v.=(3)"?, v2 being 
optically inactive. 

From the infrared spectrum of ozone we 
have v;=1015 cm. The above relation gives 
v2~590 cm™. Assuming that the asymmetry 
of the absorption band of O; at 9.85 (1015 
cm) is due to its overlapping with the band 
ve+, we obtain ».~670 cm. 

In the range of frequencies 33000-42000 
cm we have found, in agreement with Wulf 
and Melvin (Phys. Rev. 38, 330, 1931) a set 
of series, consisting of diffuse bands with the 
frequency separation of 0.300 cm in each 
case. 

A detailed description and discussion of this 
investigation will soon appear in the new 
Journal of Physics of U.S.S.R. 

A. JAKOWLEVA 

V. KoNDRATJEW 

Chemical-Physical Institute, Leningrad, 
December 14, 1931. 


On the Entropy of the Universe 


Tolman in his paper “On the Problem of the 
Entropy of the Universe as a Whole” (Phys. 
Rev. 37, 1639, 1931) advances a suggestion, 
page 1642, which he attributes to some re- 
marks of the late Professor William James 
about which he learned in conversation with 
Professor Gilbert N. Lewis. It is, “to assume 
an infinite past for the universe, coupled with 
ever decreasing values for the entropy of 
the universe as we examine backwards in the 





past and a continuous asymptotic approach to 
the maximum of entropy in the future”. 
Doubtless Professor Tolman did not know of 
my article of 1911 (Il Nuovo Cimento 57, 85, 
1911) “Circa una maggiore precisazione della 
legge di degradazione dell energia e circa una 
possibile disponibilita indefinita di energia 
degradabile”. The priority for the above sug- 
gestion therefore belongs exclusively to me. 
The hypothesis is just as valid for an infinite 
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universe as for a finite since it is the ratio of all 
the entropy of the universe to all the matter of 
the universe which 
ratio is finite. 


is considered and_ this 
The hypothesis of a universe of infinite ex- 


tent was advanced for the first time (about 
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1600) by the Italian philosopher Phillipe Brun 
(called Jordan Bruno) in his book “De L’in- 
finito, Universo e Mondi”. 
PASQUALE BARRECA 
Reggio en Calabre, Italy, 
December 14, 1931. 


Molecular Configuration of N.O 


We should like to congratulate Professor 
Barker and Dr. Plyler on the beautiful experi- 
mental work “The Infrared 
Spectrum and the Molecular Configuration of 
NO” (Phys. Rev. 38, 1827 (1931)). At the 
same time we feel we must comment upon the 
deductions made as to the molecular structure 
of nitrous oxide, which they suggest is N 


described in 


=N=0. The force constants representing the 
bindings between the two nitrogen atoms and 
between the central nitrogen and the oxygen 
atom are stated to be A,;=24X10', and Ke 
=22X10° dynes per cm respectively. If these 
have been correctly evaluated, the formula of 
the substance should be N= N=0, since such 
values correspond to triple linkings (see, for 
example, Bailey and Cassie, Proc. Roy. Soc. 
A132, 247 (1931)). 

In a paper now in the course of publication 
in the Proceedings of the Royal Society, and 
dealing with the absorption spectrum of car- 
bonyl sulphide, we have calculated the funda- 


mental nodes of vibration for the asymmetri- 
cal rectilinear molecule: the relation between 
the masses, the force constants, and the fre- 
quencies will be found to be given by 


pi? + po? = Ky(1,m+ 1, m2) + K2(1,m24-1, ms), 
and py° po? = (1/mymz + 1, myms + 1,/mgm) Ay Ka, 


where =2zvc. On substituting the frequen- 
cies corresponding to the two longitudinal 
vibrations, 1285 and 2224 cm™, it will be 
seen that A,+A2=26.8X10° dynes per cm 
and A, A2;=197 X10". The consistent solution 
is A,y=AK,-14X10° dynes per cm. These 
values correspond to double bonds in each 
case, the formula being N = N =0,or :N::N::0:. 
constructed from N~N*0. 
C. R. BAILEY 
A. B. D. Cassie 
Department of Chemistry, 
University College, 
London, England, 
January 4, 1932. 


Evidence on the Ionization Potentials of O. 


In a certain commercial process, an oxide 
surface is transformed by means of an inter- 
mittent discharge in one of the noble gases, 
the oxide surface being one electrode. In a 
study of this process, it was noticed that the 
transformation proceeded rapidly in very pure 
argon, less rapidly in very pure helium, and 
not at all in very pure neon. The addition of a 
few hundredths of a percent of argon to the 
neon, however, caused the transformation to 
proceed rapidly. 

This immediately recalls the work of Pen- 
ning! on the great effect of extremely small 
amounts of some impurity whose molecules 
could be ionized by neon metastables, for 
example, on the sparking potential in neon, 
and suggests that this process plays some part 
in the intermittent transforming discharge. 
In the case of argon or helium some other gas 
must play the role played by argon in neon. 
Of the three possible impurities, carbon mon- 
oxide, hydrogen, and oxygen (from the oxide 
surface), the known ionization potentials of 


the two former gases are too high to permit 
ionization by argon metastables. Smyth? gives 
13(?) volts for the I.P. of O2 from electron 
impact data, but Mulliken* has computed 11.7 
volts from band spectra. This latter value 
agrees very closely with the energy of the 
argon metastable level (11.68 volts). The 
second ionization potential of O: lies 7.5 volts 
above the first,? or, with Mulliken’s value, at 
19.2 volts, sufficiently near the helium metas- 
table level at 19.8 volts to make ionizing inter- 
action likely. Conversely, if we assume that 
these ionizing interactions are the explanation 
of the observations, Mulliken’s value of the 
I.P. is supported. 


1, M,. Penning, Zeits. f. Physik 57, 723 
(1929). 

2H. D. Smyth, Rev. Mod. Phys. 3, 389 
(1931). 

3R. S. Mulliken, Phys. Rev. 37, 1711 (A) 
(1931). 
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I am indebted to Mr. T. E. Foulke and Mr. 
T. J. Radcliffe of the General Electric Vapor 
Lamp Company, in whose laboratory these 
observations were made, for observational 
data. 
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EUGENE W. PIKE 
At present Greifswald/Pom. 
Stralsunderstrasse 16', 
Germany, 
January 6, 1932. 


Raman Effect in Water Vapor 


With the use of a high speed glass spectro- 
graph and a very intense light source we have 
been successful in obtaining the Raman spec- 
trum of water vapor excited by the total radia- 
tion of the mercury arc in the visible and near 
ultraviolet regions of the spectrum. The water 
vapor was sealed in a Pyrex tube and was at a 
temperature of about 275°C and at a pressure 
of between two and three atmospheres. 

The observed Raman lines correspond to 
shifts of 3654 (+5) cm™, 1648 (+5) cm™, and 
984 (+10) cm. On the basis of the selection 
rules which apply in Raman spectra! these are 
interpreted as pure vibration frequencies and 
represent the three fundamentals to be ex- 
pected for the water molecule. The two longer 
shifts correspond to infrared frequencies of 
2.73u and 6.06u, respectively, and must be the 
counterparts of the strong absorption bands 
near 2.66u and 6.26u which were first classed 
as fundamentals by Hettner.? The third shift 
corresponds to infrared absorption at 10.16u 
which is very nearly inactive in ordinary ab- 
sorption or emission spectra although some 
weak absorption does show in this region, 
This shift is probably to be correlated with 
Dennison’s* »; which would be nearly inactive 
for suitable force constants within the mole- 
cule. The 3654 cm shift probably corre- 
sponds to Dennison’s »; since the latter motion 
would closely approach that of mutual vibra- 
tion of an hydrogen atom with an oxygen atom 
and since this frequency so nearly corresponds 
to the vibration of the normal OH molecule, 
3568 cm. Mecke* has previously attributed 
the 2.74 fundamental to the OH band. The 
1648 cm frequency must then represent 
Dennison’s 72. 

Our observations of the 3654 cm shift 
confirm the work of Daure and Kastler* who 
reported a Raman frequency of 3655 (+5) 
cm in an exposure of 50 to 70 hours dura- 
tion. On one of our clearest plates this fre- 
quency shift made its appearance in a 16 hour 
exposure, scattered from the exciting lines 
\3650 and \3655. Considerably longer expo- 
sures showed scattering of the same frequency 
from \3663 and from 4047. 

Evidence for the 1648 cm~ vibration fre- 
quency rests on Raman scattering to the long 
wave-length side of \3650, \3655 and 4047 


and the further appearance of two lines close 
to positions calculated for anti-Stokes lines 
from \4047 and 4358. The frequency shifts 
computed from all of the Raman lines are in 
good agreement. The scattering from \3650 
and A3655 was particularly intense and showed 
clearly on the 16 hour exposure referred to 
above. The long wave-length shift from \4047 
and the anti-Stokes lines from A4078 and 
\4358 appeared on plates exposed from 114 to 
140 hours. 

The existence of the 984 cm vibration 
frequency is indicated by the appearance of 
Raman lines on the long wave-length side 
of A4078 and \4358 and by the appearance, 
on long exposures, of a line 989 cm™ to the 
short wave-length side of \4078. Although 
no clear indications of the 984 cm™ scattering 
appeared on plates of less than 70 hours expo- 
sure the conclusion can not be drawn that 
this vibration frequency is more weakly scat- 
tered than the others. Observation of this 
scattering from the more favorable exciting 
lines, \3650 and \3655, is precluded by the low 
ultraviolet transmission of our prisms. Like- 
wise, scattering from \4047 falls, fortuitously, 
midway between the pair of 3654 cm~ Raman 
lines excited by \3650 and \3655, and can not 
be separately resolved. 

A more detailed account of our investiga- 
tions will be published elsewhere (probably in 
the Journal of the American Chemical So- 
ciety). We will also include application of this 
data to the computation of the high tempera- 
ture heat capacity curve of water vapor. 

We are indebted to the Department of 
Physics of this university for the use of the 
spectrograph and for other facilities which 
were generously placed at our disposal. 

HERRICK L. JOHNSTON 
MARGERY K. WALKER 
Department of Chemistry, 
The Ohio State University, 
January 7, 1932. 


1 Rasetti, Nature 123, 757 (1929). 

2 Hettner, Zeits. f. Physik 1, 345 (1920). 

’ Dennison, Rev. Mod. Phys. 3, 289 (1931). 

* Mecke, Phys. Zeits. 30, 907 (1929), 

5 Doure and Kastler, Comptes Rendus 192, 
1721 (1931). 
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Additional Evidence for an Isotope of Hydrogen of Mass 2 


The discovery of an isotope of hydrogen of 
mass 2 by Urey, Brickwedde and Murphy! 
has been confirmed by a study of the isotopic 
molecular ion (H'!H?)* of mass 3 with a mass 
spectrograph. At first sight it might seem 
hopeless to attack the problem from this an- 
gle because of the high probability for the 
formation of the triatomic ion (H'H'H!)*, 
also of mass 3, a process which is well known 
to occur in experiments of this kind. It is 
assumed that such an ion is a secondary prod- 
uct and hence proportional to the square of 
the pressure if the pressure is low. Such an 
assumption is in accord with all the experi- 
mental facts.2, The isotopic molecular ion 
(H'H?)*, however, should be formed directly 
from the normal (I1'H?) molecule and should 
therefore vary in intensity as the first power 
of the pressure. Hence if the pressure is small 
enough the intensity of the (H'H'H!')* ion 
relative to the (H'H?)* ion will be reduced to 
such an extent that the latter will become 
distinguishable with a sensitive apparatus. 

A mass spectrograph was constructed, not 
primarily with the anticipation of working on 
this particular problem, but with the expec- 
tation of studying gaseous ions at very low 
pressures. The design is somewhat after the 
style of one previously built by the author.* 
In this case however a much larger solenoid 
was available making it possible to use the 
semi-circular type of analyzer. With this type 
of apparatus good intensity may be achieved 
at pressures ranging from 10~° to 10-*§ mm Hg. 

Through the kindness of Professor Urey 
a sample of the residue of hydrogen which had 
been evaporated near the triple point by Dr. 
Brickwedde was placed at the disposal of the 
author. Two runs were made studying the 
intensity of the ions of mass 3 as a function 
of pressure, the first with ordinary hydrogen 
and the second with Brickwedde’s concen- 


trated sample. The hydrogen was allowed to 
leak through a fine capillary and flow continu- 
ously through the tube. The relative pressures 
were measured by using the tube as an ioniza- 
tion gauge. 

The results of these two runs showed a 
marked increase in the number of ions of mass 
3 in the concentrated sample as compared to 
the number in ordinary hydrogen, amounting, 
at some pressures, to as much as tenfold. The 
difference between the two curves was a linear 
function of the pressure and represents, it is 
believed, the increase in the relative numbers 
of (H'H*) due to the concentration process. 
If this is true then the measurements indicate 
a value for the abundance of (H'H?) as com- 
pared to (H'H!), as they existed in the concen- 
trated sample under the conditions of the 
experiment, of 1/550 or an atomic ratio of 
1/1100. The error in this value is probably not 
greater than 10 percent. In arriving at this 
figure it is assumed that the probabilities of 
ionization for the two diatomic molecules are 
the same. 

The author is particularly grateful to Dr. 
Brickwedde of the Bureau of Standards for 
the preparation of the sample of hydrogen 
which made this investigation possible. 

WALKER BLEAKNEY 
(National Research Fellow) 
Palmer Physical Laboratory, 
Princeton, New Jersey, 
January 9, 1932. 


1H. C. Urey, F. G. Brickwedde and G, M. 
Murphy, Bull. Amer. Phys. Soc. New Orleans 
Meeting, December 1931. 

2H. D. Smyth, Revs. Mod. Phys. 3, 357 
(1931). 

3 W. Bleakney, Phys. Rev. 34, 157 (1929); 
35, 139 (1930). 


A New X-Ray Non-Diagram Line 


Duane (Phys. Rev. 37, 1017, 1931) mentions 
the existence of a very faint unidentified line 
between y and 8 found in some of his long 
exposure photographs of the molybdenum K 
spectrum. 

During a study of the 6 and y lines with a 
new type of double-crystal x-ray spectrometer 
a very faint line lying roughly midway be- 
tween the y and {, lines was found in the 
spectra of molybdenum, rhodium, palladium 
and silver. For convenience in this letter I 


shall call this line 84. Its position checked, in 
molybdenum, with Duane’s faint line as 
nearly as could be measured on a photograph 
which he had kindly sent me. 

By interpolation, with I.C.T. values of 
KB, and Ky the values of \ and » for 84 given 
in the tables below were obtained. It at once 
became evident that 8, must originate in a 
transition from either M3; or My, to K. No 
other upper level would even approximately 
satisfy the conditions. 
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vKa,+vLa; vKaz.+vLp, vKa,+vLa; 
\B,(x.u.) vB, M33— La —K My—Lai-K My.—L2—K 
Mo 625 .66 1457.1 1457.01 1456.79 1456.83 
Rh 539.81 1688 .9 1688 .42 1688 .02 1688 .09 
Pd 515.65 1768 .0 1769.48 1769.26 1769.09 
Ag 492.17 1852.4 1852.92 1852.49 1852.49 


Whether the transition is to be regarded as 
a single drop My—K (or My.—K) or as a 
double electron drop in quick succession of the 
type (L2—A, M3;— Lx») or (La —K, My2— Lx) 


rhodium is of the order of 1/1000 that of 
Ka. In palladium the intensity of 84 has 
increased to 1/250 of a, and the line has be- 
come wider and distinctly unsymmetrical 





























| I a? iietineniae 
190} 
| 
a7 S ————— 
| ~ 2 
vas _ 
| i 
130) ome 
/ Second order 
Wore - j 
as 4 | 
90; an one ae oon ae | —_ 
Pa | 
Wig 20 tz  @4 26 28 30 32 34 36 30 40 42 44 a¢ a0 


Fig. 1. Rhodium, 90 k.v., 27 m. a, 40 sec. 


or (L»x—K, My.— Lz) is at present a matter of 
personal preference. A single drop transfer of 
this general type is already known in the x-ray 
L region. The non-diagram line Ls 3 (Sieg- 
bahn) is a transition M3;;—Z,, and the line 
Lei isa transition Ms:—Ly. 

The intensity of Ags in molybdenum and 


indicating a fainter component on the long 
wave-length side and about 0.15 x.u. distant. 
P. A. Ross 


Department of Physics, 
Stanford University, 
January 12, 1932. 


The Crystal Structure of Magnesium Platinocyanide Heptahydrate 


The crystal structure of MgPt (CN)4-7H,O 
has been examined by Bozorth and Haworth,! 
who concluded on the basis of their data, ob- 
tained from Laue and reflection photographs, 
that the Mg and Pt atoms were arranged in 
parallel rows so that the two kinds of atoms 
alternated with each other in the same row, 
the distance between their centers being 1.57A. 

More recently one of us? has formulated the 
principles governing the structure of complex 
ionic crystals and of crystals containing elec- 
tron-pair bonds. Application of these princi- 
ples to MgPt(CN),4: 7H2O showed either that 
the principles must be modified or that the ar- 
rangement of Mg and Pt atoms in these crys- 
tals was not that supposed by Bozorth and 
Haworth. This led us to examine some of the 





more unsymmetrical Laue photographs in a 
search for spots which could not be accounted 
for by the structure assigned. These photo- 
graphs were taken at the same time as the 
three used in the original structure-deter- 
mination but were not analyzed at that time. 

On one of the three additional photographs 
recently analyzed there is one diffraction spot 
inconsistent with the previously assigned 
body-centered unit of structure, and on 
another are eleven spots nine of which lie in 
the zone [100]. The planes responsible for 


! Bozorth and Haworth, Phys. Rev. [2] 
29, 223 (1927). 

2 Linus Pauling, J. Am. Chem. Soc. 51, 
1010 (1929); 53, 1367 (1931). 
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these eleven spots, and the wave-lengths of the 
x-rays (in A) calculated on the basis of the 
unit assigned by Bozorth and Haworth are: 
(031), 0.40; (041); 0.32; (041), 0.39; (061), 
0.28; (0.61), 0.33; (O81), 0.24; (O81), 0.27; 
(O- 12-1), 0.18; (0+ 12-1),0.19; (263), 0.17: and 
(263), 0.22. 
consistent with the voltage on the x-ray tube 


Since the smallest wave-length 


is 0.21A, the above data show both that this 
unit must be doubled in the direction of the 
c-axis and that the lattice is not body centered. 
The correct unit has the dimensions 14.6 
< 14.6 X6.26A8 containing four molecules, and 
has a simple tetragonal lattice. The space- 
group cannot be determined because of the 
faintness of crucial reflections. On account of 
the relatively large reflecting power of the Pt 
atoms, the x-ray data indicate that these 
atoms are in the positions previously as- 
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signed;000, 333,003, 33 {, referred to the 


new unit. Application of the principles men- 
tioned above indicate that each Pt atom is 
surrounded by 4 CN groups at the corners of 
a square, a configuration similar to that of 
PtCl, in KePtCly,? and that the Mg atoms are 
not between the Pt atoms as previously sup- 
posed. 
RicHArp M. Bozortu 


Bell Telephone Laboratories, 
New York, N.Y. 
Linus PAULING 
California Institute of Technology, 
Pasadena, Calif., 
January 13, 1932. 


3 R. G. Dickinson, J. Am. Chem. Soc. 44, 
2409 (1922), 


Note on the Spectrum of Sb II 


An analysis of the first spark spectrum of 
antimony has been in progress for more than a 
year and it is hoped to make a full report on 
the work shortly when more accurate wave- 
length measurements now in progress have 
been completed. 

This spectrum consists of a large number of 
lines extending throughout the entire range 
from the infrared to well below 1000A. The two 
active p electrons give a set of deepest terms, 
3P!1D'S, which have their strongest combina- 
tions throughout the Schumann region, some 
25 of which have been located. 

Since the second spark spectrum, which was 
reported on previously,! also has many of its 
strong lines in this region, I am re-examining 


this spectrum as well, not only to correct some 
known errors in the previous report, but also 
to extend it. To this end the entire Schumann 
region is being measured in the second or 
higher orders of the two-meter vacuum spec- 
trograph against the standards of iron and 
neon. It is hoped in this way also to obtain 
some standard lines throughout this region 
which will be of greater accuracy than most 
of those in use at the present time 
R. J. LANG 

University of Alberta, 

Edmonton, Canada, 

January 14, 1932. 


1 Lang, Phy. Rev. 35, 445-454 (1930). 


Zeeman Effect of the Third Positive Carbon Bands 


According to Asundi (Proc. Roy. Soc. 124, 
277, 1929) the third positive carbon bands, are 
ascribed to a °Y— II transition. On the other 
hand, Birge, Mulliken and Weizel (“Banden- 
spektren” by Weizel p. 353 in Ist Supplement 
of the Wien-Harms “Handbuch der Experi- 
mentalphysik”) postulate a *X—*II transition. 

It has been brought to the writer’s attention 
(through the kindness of Professors Mulliken 
and Dieke) that a new rotational analysis of 
these bands will be published in the near fu- 
ture. Pending the assignment of rotational 
quantum numbers, the writer wishes to sketch 
qualitatively, the behaviour of the band-lines 
in a magnetic field. 


The accompanying reproduction shows the 
bands near 2978A. The central part shows the 
Zeeman pattern, at 29,000 gauss, while the 
two outer portions are the no-field patterns 
(for purposes of comparison). The photograph 
(Fig. 1) was taken in the first order of a 21 
foot grating. 

All the band lines are strongly affected by 
the magnetic field, but the splittings or broad- 
enings of lines are greater near the heads 
than at the higher rotational states. The sec- 
ond and third heads seem to be split into 
asymmetrical triplets with an over-all width 
of 5~6 cm, while the over-all width of the 
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normal triplet at this field strength is equal 
to 2.7 cm7, 

The assumption of a *S—*II transition, with 
a ‘II state intermediate between cases a and b 


servations. A quantitative discussion of the 
patterns mentioned will be given when the 
above mentioned rotational analysis is pub- 
lished. 





thy © be ee Golem 





Fig. 1. 


should give for low rotational quantum num- 
bers triplet groups of many lines each, with 
about double the normal Zeeman-triplet 
width, decreasing toward higher rotational 
quantum numbers, in agreement with the ob- 


R. F. Scumip 
Rockefeller Foundation Fellow, 
Ryerson Physical Laboratory, 
University of Chicago, 
January 15, 1932. 


Excitation of the CO, Emission-Spectrum in a Back Box 


Fox, Duffendack, and Barker (Proc. Nat. 
Acad. Amer. 13, 302, 1927) reported on the 
excitation of CO. bands by electron-impact. 
Many band-heads were measured by them, 
and by Smyth (Phys. Rev. 38, 2000, 1931). 
In the course of work on the Zeeman-effect of 
the third positive carbon group, it appeared 
that the entire CO, (or CO.*) band spectrum 
could be obtained in very considerable inten- 
sity from a Back box, with an are current of 
about 0.5 ampere through streaming CO: gas. 
The bands were obtained in the first, second, 
and third orders of a 21 foot concave grating 
with less than 50 hours exposure, and the 
lines were sufficiently sharp to attempt a rota- 
tional analysis. Most of the band-groups, 
which are degraded toward the red, look like 
1¥—!Y of a diatomic molecule. This can be 
explained by assuming a linear model emitter. 

However, the two bands at AA2880A and 
2895A show markedly different structure and 





behavior (see Duncan, Phys. Rev. 34, 1148, 
1929). These bands were also obtained with 
good intensity from the radiation of a graphite 
hollow-cathode (bore 4 mm in diameter, 30 
mm long) although under these circumstances 
the red-degraded bands were considerably 
weaker. In comparing the pictures of the 
A2880A bands taken from the Back box (at 
29,000 gauss) and those from the graphite 
hollow-cathode, it appeared that the so-called 
Q branch (a sharp line in the middle of the 
bands) remained completely unaltered, while 
other parts of the band showed traces of mag- 
netic effects. The writer is attempting a rota- 
tional analysis of the red-degraded simple 
system. 
R. F. ScuMip 
Rockefeller Foundation Fellow, 
Ryerson Physical Laboratory, 
University of Chicago, 
January 15, 1932. 
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Specific Heat and Electronic Activation in Crystals 


The magnetic! and optical? behavior of 
samarium ion (Sm***) in= crystals 
clearly that Sm‘*** electronic 
level little removed in energy from its basic 


shows 


possesses an 


level and that a considerable change in the 
relative populations of the two states is occur- 
ring near the temperature of liquid nitrogen. 
The determination of the specific heat of 
sm 
then permit the study of an electronic transi- 
tion in a crystal ascertaining the energy of 
activation, and the statistical weight of the 


‘asa function of the temperature would 


excited electronic state, the basic state being 
regarded as known. 

The method used in obtaining the elec- 
in Sm2(SO 4); 
-SH.O had some resemblance to that em- 


tronic heat capacity of Sm 


ployed by Simon® and co-workers in separating 
the heat capacity due to excited states in 
solids from that expected from the heat capac- 
ity equations developed by Debye. The pro- 
cedure followed in this research consisted 
however in making use of measurements made 
on a salt, Gds(SO4)3-8H2O, which should be 
expected to display very nearly the same 
specific heat as that of Sm.(SO4)3: 8H.O in the 
absence of electronic excitation. The heat 
capacity measurements on Sm,(SO,4)3-8H,O 
were made from 17°K to 125°K by employing 
the same method as described by Latimer and 
Ahlberg. Data on the heat capacity of 
Gd:(SO4)3: 8H.0 over the same range of tem- 
perature were those of Giauque and Clark, as 
yet unpublished, and kindly furnished us by 
Professor Giauque. The two salts constitute 
neighboring members of a long series of iso- 
morphous sulfates of the rare earth ions. These 
ions extend to both sides of Sm*** and Gd*** 
in the periodic table. It is well known that 
these ions differ very little in their strength of 
chemical binding, in volume, mass and other 
physical properties, except that the magnetic 
susceptibilities®:* and spectra’ have estab- 
lished that practically all the ions of Gd*** 
occupy the basic electronic state (°Sz/2) from 
room temperature to that of liquid hydrogen. 
The difference in the specific heats would then 
give the net electronic specific heat of Sm*** 
and consequently the energy required for the 
electronic transition (aside from a small cor- 
rection arising from the lack of complete 
identity in the compressibilities, mass, etc., 
which we estimate to be negligible by means 


of the Madelung-Einstein-Griineisen equa- 
tion). 

Preliminary measurements have shown con- 
clusively that the difference in specific heats 
as a function of the temperature follows the 
Schottky® expression for transitions between 


hy : ; a 
mR ( ) el’ KT 
AT 


i ti meer 
(e AT + yy)? 


quantum states 


AC, is the difference in specific heats at con- 
stant volume, m is the ratio of the statistical 
weights of the activated and the basic state, 
hy is the energy of the transition, A is Boltz- 
mann’s constant, 7 is the absolute tempera- 
ture, and FX is the gas constant per mole. #7 
was found to be 2 (.e., 1.8 to 2.2) and » was 
equal to about 160 cm. There can be no 
question then concerning the reality of a large 
distribution between the two states at room 
temperature as the maximum number of ions 
participate in the transition at about 85°K. 

This experimental work was performed al- 
most two years ago at the University of Cali- 
fornia. Since then we have obtained much 
more accurate data, still uncaleulated, which 
will be published in detail in the Journal of 
the American Chemica! Society. 

J. Etston AHLBERG 
SIMON FREED 
Chemical Laboratory of the University of 
California, 
George Herbert Jones Laboratory, 
University of Chicago, 
January 15, 1932. 


1 Freed, J. Am. Chem. Soc. 52, 2702 (1930). 

2 Freed and Spedding, Nature 123, 525 
(1929), 

8 F. Simon, Ber. Berl. Akad. 33, 477 (1926); 
F. Simon, Cl. v. Simson and M. Ruhemann, 
Zeits. f. physik Chem, 129, 339 (1927). 

‘Latimer and Ahlberg, Zeits. f. physik. 
Chem. 148, 464 (1930). 

»> Woltjer and Kammerling Onnes, Leiden 
Comm., 167C. 

® Giauque, J. Am. Chem. Soc. 49, 1870 
(1927). 

7 Freed and Spedding, Phys. Rev. 34, 945 
(1929). 

§ Schottky, Phys. Zeits. 23, 448 (1922). 
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BOOK REVIEWS 


Der Smekal-Raman Effect. K. W. F. Kow_rauscnu. Pp. viii+392; 85 figs. Verlag von 
Julius Springer, Berlin, 1931. Volume No. XII of the series “Struktur der Materie in Einzel- 
darstellungen”, edited by M. Born and J. FRANcK. Price, RM 33.80. 


Physicists and physical chemists interested in the problems of the scattering of light by 
atoms and molecules and in the general problem of atomic and molecular structure will welcome 
this volume. It is a complete survey of the subject to date and investigators interested in this 
particular topic will find it very useful and satisfactory. The experimental side of this field of 
research in molecular structure is covered very satisfactorily and the theoretical aspects of the 
case are treated sufficiently so as to enable one to obtain a thorough knowledge of the Raman 
effect and to realize the great importance of this discovery by the Indian physicist. The book 
contains eight chapters and a table (51 pages) of Raman spectra discovered to date arranged in 
twenty-four groups which enable the investigator to find out about particular substances. A 
literature section contains 417 references and shows the large amount of work that has been 
done on the Raman effect since its discovery in 1928. The book can be highly recommended to 
all investigators and to anyone who wishes to obtain a more detailed knowledge of the Raman 
effect. ‘ . 

GEORGE GLOCKLER 
University of Minnesota 


Chemische Bindung als electrostatische Erscheinung. A. E. v\N ArkKeEL UND J. H. DE 
Boer. German Edition, authorized by the authors and translated by L. Klemm and W. KLEMM. 
Pp. ix +320; 71 figures. Verlag von S. Hirzel, Leipzig 1931. Price, RM 17. 

This volume is an outstanding contribution to the literature of the subject “The Theory of 
Chemical Combination”. No chemist should fail to study this book for it will give him an 
opportunity to bring his theoretical knowledge of “chemical combination” or “the chemical 
bond” up to date. Physicists will enjoy reading this treatise for they will find the treatment en- 
tirely to their liking. The whole subject is presented from the angle of physics, i.e., electrostatic 
theory. The following topics are treated in ten chapters: lon-types; Molecules and ¢rystals; 
Grating energies, electron affinity; Polarization; Molecular models; Deformation of ions; 
Volatility; Dipolemoment; Complex compounds; Hydration and solubility; Adsorption and 
crystal growth and many others. The book brings together all our knowledge of theoretical 
chemistry based on classical electrostatic theory. In other words it brings the subject to the era 
of “wave mechanics” (about 1926). Even these newer concepts are discussed in the last chapter, 
however very briefly, but properly so, fora complete treatment would most likely have doubled 
the volume. It is a great comfort to know that there is available now a book on the theoretical 
side of the subject of chemical combination that covers the period 1913 (Bohr) to 1926 (Schroe- 


dinger). : . 
GEORGE GLOCKLER 


University of Minnesota 


Handbuch der Experimental physik. Hydre- und Aerodynamik, 1. Teil, Stromungslehre 
und allgemeine Versuchstechnik. Edited by L. ScuHiLLer. Pp. 730 +xii, figs. 431. Akademische 
Verlagsgesellschaft, m.b. H., Leipzig, 1931. Price, RM 66. 


This admirable compilation, edited by Ludwig Schiller, commences with an article by 
Ludwig Prandtl on fundamental ideas of the theory of the flow of fluids. Noteworthy features 
of the article are the remarks on the formation of vertices by the renewal of contact at the rear 
of an obstacle of two streams which were separated from one another at the front. There is also 
a good discussion of flow when the viscosity is very small, a subject in which the author was a 
pioneer. The nature of the flow round obstacles is beautifully illustrated by photographs ob- 
tained by illuminating particles suspended in water, the camera being in some cases stationary 
and in other cases in motion so that it follows the obstacle. 

The article on classical hydrodynamics by H. Falkenhagen is particularly useful on ac- 
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count of the thorough presentation of hydrodynamical principles and equations, the discussion 
of the pulsating spheres of Bjerknes, the exposition of modern wing theory and the account of 
Oseen’s improved derivation of the formula of Stokes for the viscous drag on a slowly moving 
sphere. The article also contains an excellent description by H. Schmiedel of different methods 
of making vortex motion visible. The pioneer work of Professor William B. Rogers is briefly 
mentioned and it may be interesting to recall Professor Trowbridge’s remark that it is note- 
worthy that an account of the experiments of Rogers on the production of vortex rings in air 
and water was published in the very year that Helmholtz developed his celebrated theory. 
Rogers also studied the formations, analogous to mushrooms, which are produced by impulses 
too feeble to detach rings and observed a periodic distribution of analogous configurations at the 
boundary of the cylindrical jet produced by a continuous flow of fluid through the orifice at 
which the vortex rings are normally formed. 

Schmiedel mentions some interesting experiments of Indra which indicate that elliptic 
vortex rings can be produced at an elliptic orifice by a strong impulse while a weak impulse 
produces two circular rings which move along diverging paths. The account of the behavior of 
pairs of vortex rings is pleasing and there is a particularly good account of the experimental 
work on vortex streets. 

The important subjects of boundary layer theory and turbulent flow are ably treated by 
W. Tollmien who gives a clear and critical account of theoretical and experimental work, much 
of which has been done during the last few years. These articles will be of great value to men 
interested in aerodynamical and hydraulic research. One distinguishing feature is the attention 
given to mixing processes, particularly those at the boundary of a jet. 

The article on the dynamics of gases by A. Busemann is extremely interesting from a 
mathematical standpoint. Interference pictures are used to show the nature of the flow in a jet 
when the velocity exceeds the velocity of sound in the gas. A clear exposition is also given of a 
graphical method of solving problems of flow of a compressible fluid at such high velocities. 
Ackeret’s article on cavitation is welcome and timely. It commences with a theoretical study 
from physical and hydrodynamical standpoints of the conditions under which cavities form in 
a fluid. An account is then given of experimental methods for studying this phenomenon which 
has become one requiring speedy investigation on account of the erosion or corrosion of turbine 
and propeller blades. The article is well illustrated by means of diagrams and photographs 
showing the formation of cavities in the flow through nozzles and past wings. The article on 
the measurement of pressure by H. Peters deals with the Nipher collector, the Pitot and Venturi 
tubes and related instruments. The succeeding article by A. Betz describes the different types 
of micromanometers. 

The subject of fluid meters is well treated by H. Mueller and H. Peters in an article which 
describes different types of measuring instruments, weirs, nozzles, plate orifices and so forth. 
The hot wire manometer, though mentioned in other articles, is treated in an exhaustive m_ n- 
ner in an article by J. M. Burgers. The book closes with a fine article by O. Tietjens on different 
methods of observing forms of flow. Particularly interesting methods are the method of striae 
and that depending on the use of oil drops having the same density as the liquid which is being 
studied. There are modern refinements, too, of the old methods of observing flow by means of 
particles suspended in the fluid. It is hard to say who first used these methods because they have 
been familiar ever since men observed rivers, clouds and smoke. An early use of them in the 
laboratory was made in 1843 by an American citizen Dyar when he studied solitary waves on 
the surface of water and showed by means of suspended dust particles that the motion is 
negligible at a depth below the surface equal to twice the height of the wave. Fumes of am- 
monium chloride were, on the other hand, used by Rogers in his early experiments on the pro- 
duction of vortex rings. In the more recent experimental investigations aluminum powder 
takes the place of suspended dust, the power being sometimes mixed with glycerine, and fumes 
of titanium tetrachloride take the place of fumes of ammonium chloride although in some cases 
they cannot be used with advantage on account of their corrosive action. 

The writers of these articles seem to have studied conscientiously all the available litera- 
ture and, considering the limitations of the average scientific library, have, on the whole, been 
very fair in ascribing credit to different authors. In few cases are laws or discoveries named after 
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particular scientists. This is, perhaps, wise, for, unless there is international agreement on such 
matters, some injustice may be done. A case in point is the familiar ‘law of Poiseuille’ which 
governs the slow flow of a fluid in a capillary tube. This is now called the Hagen-Poiseuille law 
on account of the experimental work of G. Hagen, which preceded that of Poiseuille as regards 
actual publication, but it may be argued that the law should really be called Navier’s law be- 
cause in 1822 Navier formulated the equations of motion of an incompressible viscous fluid and 
determined mathematically the rate of slow uniform motion of such a fluid in a fine tube on the 
assumption that the velocity was zero at boundary of the fluid, i.e. where the fluid meets an ex- 
ceedingly thin adsorbed layer of fluid held stationary by the wall of the tube. Navier, moreover, 
compared his theoretical results with the experimental results of Girard which preceded those 
of Hagen and Poiseuille by nearly twenty five years. It is true that Navier worked out his theory 
for a tube of rectangular section and that the law of flow had been practically stated by Girard, 
though he did not really prove it, but the main point is that Navier correctly formulated a law 
of drag for capillary tubes involving the first power of the mean velocity and the coefficient « in 
Newton's law of attrition which he generalised in such a way that » could be determined in other 
ways and so provide numerical tests of the theory. The name of Poiseuille has been abbreviated 
for a unit of viscosity, that of Hagen might justly be used in connection with the dependence 
of viscosity on temperature but the law of flow in capillary tubes should be named for Navier 
unless it is named for Girard whose experiments produced results so interesting to physicians, 
chemists and mathematicians that they led Navier to make his immortal discovery of the 


equations of motion of a viscous fluid. 
H. BATEMAN 


California Institute of Technology 


Physics of the Earth. IV. The Age of the Earth. Bulletin 80 of the National Research 
Council of the National Academy of Sciences, Washington, D. C. by ApoLpH Knopr, E. W. 
Brown, ARTHUR Howes, A. F. Kovarik, A. C. LAng, and CHARLES ScHUCHERT. Pp. 485. 
Price $5.00. 

The authors of this Bulletin constitute the subsidiary Committee on the “Age of the Earth” 
of the Division of Physical Sciences which has had the cooperation of the Division of Geology 
and of the American Geographical Union, 

In a brief introduction, Knopf summarizes the principal results of the work of the sub- 
committee. In Part I, Schuchert presents the evidence for the age of the earth based on sedi- 
ments and life. In Part I!, Knopf discusses the age of the ocean in which he explains the ap- 
parently younger age as calculated from accumulation of salt in the ocean as due to loss of salt 
by adsorption and base exchange and to a present rate of salt supply much greater than the 
total average. 

In Part III, Kovarik gives a very careful discussion of the methods of calculating the age 
of minerals from the data and principles of radioactivity. The lead accumulation method is the 
principal one. It is complicated by the fact that lead of different atomic weights is being ac- 
cumulated from uranium, thorium, and actinium which is added to any original lead present 
or which may have been added later. All of these factors are dealt with in adequate detail. 

Part IV which constitutes about half of the book is a splendid review by Arthur Holmes 
of the entire relationship between radioactivity and geological time. He considers the lead, 
helium and halo methods in all of their varied aspects and gives a remarkedly complete and 
able review of the entire field. In part V, E. W. Brown discusses briefly the indirect bearing of 
astronomical data on the earth's age. 

On reading these very valuable contributions which approach a common focus from many 
widely varying angles, one cannot fail to be impressed by the rapidity with which modern 
science brings the newest discoveries to aid in solving its problems in quite different fields. The 
superior validity of the radioactive method of age determination seems to be firmly established 
and the object of comparison with the older methods is no longer to test the new method but to 
adjust the other time scales to accord with it by suitable explanation of the supposed dis- 


crepancies. _. 
S. C. Linp 


_ University of Minnesota 











544 BOOK REVIEWS 
The Nature of a Gas. Leonarp B. Logs. Pp. 134, figs. 11. John Wiley and Sons, 1931. 
Price, $2.50. 


This monograph is the first of a series to be published by the National Research Council on 
Electrical Insulation. In the introduction Professor Loeb states that “in order, therefore, to 
understand the nature of a gas, so that we may study its electrical behavior, we must investi- 
gate first the nature of the atoms and molecules, as units, and then organize these structures, in 
their complex behavior, into a whole, comprising in its properties the condition of matter 
termed the gaseous state. In doing this it will be necessary for the sake of brevity to forego a 
historical or experimental analysis of the progress of the investigations during the last fifty 
years which led to our knowledge, and to state, in a clear and consistent form, merely the con- 
cepts and mechanisms to which we have been led by these discoveries.” And it may be said 
that the author has done this very satisfactorily and concisely. The nature of the atom itself, 
the nucleus and extra-nuclear electronic distribution, is first described. The chemical behavior 
of the atom is presented as being “governed by the tendency of the outer electrons of atoms to 
reach dynamic stability by joining forces with electrons in similar or different atoms to achieve 
stable electronic configurations”. The physical nature of a substance, as to whether it be in the 
solid, liquid or gaseous state, is very well discussed in terms of the fields of force existing be- 
tween the atoms and molecules concerned. The kinetic picture of a gas is next considered, and 
the law of equipartition of energy is dwelled upon at considerable length. Finally, ionization 
phenomena in gases are considered. This includes a description of such processes as ionization by 
positive ions and by temperature, electron impact phenomena, photoelectric processes in gases, 
and inelastic impacts of the second kind. 

The book is very well written. The material is clearly and simply presented; the author 
does not presuppose an extensive knowledge of the literature. There are a few misprints. In 
particular, it is strange that the numerical value ascribed to /: is wrong in both the places that 
it is given! It is correctly recorded in the appendix, however. The appendix also includes a 
number of references. 

R. RONALD PALMER 
University of Minnesota 


ERRATUM 


Die elliptischen Funktionen von Jacobi. Mitne-THomson. Pp. 69, figs. 3. Julius Springer, 
Berlin 1931. Price RM 10.50. Reviewed by W. E. Milne, Phys. Rev. 38, 1913 (1931). 


In the next to last paragraph read “Weierstrass p-function” for “Weierstrass @-function.” 
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PROCEEDINGS 
OF THE 
AMERICAN PHYSICAL SOCIETY 





MINUTES OF THE BERKELEY MEETING, 
DECEMBER 18-19, 1931 


The 174th regular meeting of the American Physical Society was held in 

Room 212 LeConte Hall, University of California, on Friday December 18, 

: 10:00 to 12:30 and 2:00 to 4:30, and on Saturday December 19 from 10:00 

until 11:30. There were some 50 members of the Physical Society in at- 

tendance with a program of 28 papers presented, of which numbers 21 to 28 
inclusive, were on the supplementary program. 

The meeting was called to order by Local Secretary for the Pacific Coast. 
Professor E. E. Hall, Chairman of the Department of Physics, University of 
California, was duly elected Chairman for the session and presided. There 
was no business of importance to present to the Society and no business was 
transacted. 

The members of the Physical Society assembled at luncheon at the 
Faculty Club of the University of California at noon on Friday and Saturday. 
(On Friday evening there was an informal dinner for visiting members of the 
Physical Society at the Faculty Club. There were tours of inspection of the 
researches in progress on Friday afternoon and Saturday morning and after- 
noon following the close of the session. 

The program of presented papers is given in the following abstracts of 
which papers numbered 15, 19 and 20 were read by title. By vote of the 
Society papers 8 and 10 were given consecutively and papers 23 and 24 on the 
supplementary program followed paper 7 in the session of Friday morning. 
Supplementary papers 25 and 26 followed paper 14 at the end of the session 
of Friday afternoon. Paper 27 on the supplementary program was presented 
at the beginning of the Saturday morning session following paper 15, which 
was read by title. Paper 27 was accompanied by an actual demonstration of 
the high speed diffusion pump. Paper 16 and paper 21 of the supplementary 
program were combined and presented subsequent to paper 20 on the Satur- 
day morning program by a vote of the Society, followed by paper 28. 


LEONARD B. LOEB 


Local Secretary for the Pacific Coast 





1. The silvering of Fabry-Perot etalons by evaporation. H. E. WHITE ANDS. S. BALLARD, 
University of California.—The method used is essentially that developed by R. Ritschl at the 
Physikalisch-Technische Reichsanstalt. The chief alteration from Ritschel’s method is in the 
manner of vaporizing the silver. Here a method developed by Cartwright and Strong is em- 
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ployed. Instead of using a single filament of silver wire, a conic. shaped molybdenum. filament 
is used. Silver in the form of a small bead is placed insidethe fi! ent. tact with the riolyb- 
denum. Upon passing a sufficiently high current through the iiament silver is melted and 
brought almost to the boiling point where it vaporizes rapidly. With tue etalon plates 15 cm 
from the filament two uniform films of the required thickness are obtained simultaneously in 
from one to five minutes. The pressure in the chamber is such that the mean free path is greater 
than the plate-filament distance. An optical pyrometer is used to determine the thickness of the 
silver film as it deposits, and the process is stopped when films of the desired transmission are 
obtained. This and the uniformity of the films obtained are the chief advantages over sputtering 
methods. In favorable cases etalons have been obtained where, with the filament of a 100 watt 
lamp as an object, 50 images at 6000A are seen with the eye. These etalons are being used in 
photographing hyperfine structure. In order to obtain resolving power in the ultraviolet, at- 
tempts will be made to adapt this method to the evaporation of platinum. 


2. Photoelectric properties of thin films of rubidium and caesium on silver. Jimes J. 
Brapy, University of California.—By the use of a molecular beam a computed number of alkali 
metal atoms were deposited on a silver surface cooled with liquid air. The method was described 
by the author in a report (Phys. Rev. 37, 230 (1931)) on the study of potassium films. The 
vapor pressures of rubidium and caesium for various temperatures were determined from data 
given in the International Critical Tables (Vol. 3, page 205). Spectral response curves were 
taken for various film thicknesses. The maximum threshold (approximately 6200A) in the case 
of rubidium was found to exist at a film thickness of 1.5 molecular layers (7.3 X10" atoms per 
cm*). The maximum photoelectric emission occurred at a film thickness of 5.0 molecular layers 
and the photoelectric properties did not change when the film thickness was increased beyond 
12 molecular layers. The threshold for the thick film was approximately 5900A. For caesium the 
maximum threshold, approximately 6600A, was found at a film thickness of 1.5 molecular layers 
(6.3 X10" atoms per cm’). The maximum emission occurred at 5.4 molecular layers and the 
photoelectric properties remained constant for film thicknesses greater than 10 molecular layers. 
The threshold for the thick film was approximately 6300A. A theory is proposed which ac 
counts for the existence of a maximum in the excursion of the long wave-length limit. 


3. Monochromatic de Broglie waves of molecular beams. I. EsteERMANN, R. FRISCH AND 
O. STERN (Introduced by L. B. LoEes.), University of Hamburg.—An ordinary molecular beam of 
He which contains molecules of all velocities according to the Maxwell distribution law and con- 
sequently a continuous spectrum of de Broglie waves, passed through a system of rotating 
toothed wheels. By this means monochromatic molecular beams containing only molecules of 
distinct ranges of velocities were produced. These beams were diffracted by the crossed-grating 
of the surface of a LiF crystal. The de Broglie wave-lengths of these beams calculated from the 
grating constant of the LiF crystal and the diffraction angles were in complete agreement 
(within a limit of 1 percent) with the wave-lengths calculated with de Broglie’s equation 
A\=h/mv, v being determined from the dimensions and number of revolutions of the toothed 
wheels. The relative intensities of monochromatic beams of different wave-lengths were found 
to correspond to Maxwell's distribution law of velocities. 


4. Absolute values for the mobilities of gaseous ions in pure gases. N. E. BRADBURY 
(Introduced by L. B. Logs.), University of California.—With the method of Tyndall and Grind- 
ley adapted to a baked-out glass ionization chamber with an external source of intense x-ray 
ionization, the absolute values of the ionic mobility have been determined for several gases 
under conditions of high purity. Air was passed through a carefully constructed purifying train 
and liquid air traps. The absolute values of the mobilities found in this case were 1.60 and 2.21 
for the positive and negative ion. Oxygen was prepared by fractionation of tank oxygen, by 
heating potassium permanganate, and by heating potassium chlorate. The first two of these 
methods gave 1.58 for the positive ion and 2.18 for the negative. The oxygen from potassium 
chlorate, however, showed an anomalous high mobility for the negative ion, values as high as 
2.65 being obtained. The presence of chlorine oxides from the decomposing chlorate may be re- 
sponsible for this. Nitrogen was obtained from a commercial tank and by heating sodium azide. 
The former method, even after passing the gas through the purifying train gave only 30 percent 
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free electrons, a negative ion!mf mobility 2.21, and an abnormally high positive value of 1.82. 
Nit.ogen from sodiuo» azideyusve no negative ions and 1.62 for the positive ion. Hydrogen was 
obtained from acc. sercia! tank source, gave no negative ions, and showed a positive mobility 


. of 8.25 with indications of the higher mobility ion observed by Loeb (Phys. Rev. 38, 549 (1931)) 


with a mobility of 13.1. Helium, purified by passing through charcoal traps in liquid air gave 
on preliminary measurements a main mobility of 7.1 and an ion of high mobility 17.3 in agree- 
ment with values observed by Tyndall and Powell (Proc. Roy. Soc., 129, 162 (1930)). No 
negative ions could be detected in the gas. Especially purified helium sparked over magnesium 
gave only the positive ion of mobility 17. 


5. The collision cross-section of argon atoms for 300 to 2500 volt electrons. Ropert B. 
Brove, University of California.—A beam of electrons was defined by three slits set 90° apart 
on a circle 3 cm in radius. The first slit was 0.1 mm wide and the other two were 0.4 mm wide, 
The magnetic field of a large solenoid bent the electrons into this path and at the same time de- 
termined their velocity. The total cross-section of argon atoms that was effective in removing 
electrons from this beam was found by observing the decrease in current at the end of the path 
as a function of the gas pressure. When the current in the beam was over 10~? amperes the cur- 
rent at the end of the path was not proportional to the current which started in the path. This 
variation was due to ionization along the beam and its effect was eliminated by using currents 
of 5X10~-* amperes. The curve of the cross-section plotted as a function of the velocity of the 
electrons decreases a little more rapidly than inversely proportional to the velocity. Small 
changes in slope appear at 24, 35, and 45 (volts). The following table gives the values of g, 
the total collision cross-section in cm?, and a, the absorption coefficient, which is the number 
of collisions per cm path at 1 mm pressure experienced by each electron. 


(volts) 20 25 30 35 40 45 50 
10" Xq 2.98 2.17 1.69 1.24 1.01 .78 -65 
a@ 10.7 7.80 6.08 4.45 3.62 2.84 2.35 


6. Probable values of e, h, e/m and a. RAYMOND T. BirGeE, University of California.—The 
possibility of the simultaneous evaluation of e and h, from the totality of experiments designed 
to measure h, as discussed by Bond (Phil. Mag. 10, 994, 1930 and 12, 632, 1931) is of the ut- 
most importance. This is potentially a far more reliable method for the evaluation of e than any 
direct determination. The writer, however, disagrees with Bond's selection of data, with some 
of his calculations and with all of his final results. In particular, Bond's calculated errors are 
incorrect, due apparently to the use of least squares’ formulas not applicable to the situation. 
The writer now presents a critical re-examination of available data, together with a discussion 
of the various least squares’ formulas required in this rather unusual type of calculation. The 
resulting values of e and / are found to depend chiefly upon the value adopted for e/m. With 
e/m=1.761 X10’, which now seems well established, I obtain e=(4.7721 +0.0036) X10~*, 
h= (6.552 +0.007) X 10-7, 1/a=137.28+0.07. This value of e is considered more reliable than 
any previous direct determination. If 1/a equals 137 exactly (Eddington’s theory), then e/m 
must equal 1.768 X 10’ approximately, and this value now seems quite improbable. 


7. On the dependence of the length of the ultra-short electromagnetic waves upon the 
heating current of the tube and upon the amplitude of the oscillations. G. PoTapenKo, Cali- 
fornia Institute of Technology.—Previous work of the author has shown (Phys. Rev. 38, 584, 
1931), that a vacuum tube may generate oscillations, the frequency of which exceeds many times 
the frequency of electronic oscillations around the grid. Ultra-short “dwarf” waves of a few centi- 
meters wave-length were obtained by means of this method. Experiments have shown that the 
frequency of “dwarf” waves are not exact multiples of the frequency of the electronic oscilla- 
tions as might be expected. The theory proposed by P. S. Epstein shows that this discrepancy 
may be explained by the influence of the amplitude of the generated oscillations upon the move- 
ment of the electrons around the grid. Investigations of the dependence of the lengths of the 
generated waves upon the heating current of the tube and upon the amplitude of oscillations 
completely confirmed the prediction of this theory. 
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8. The x-ray determination of the thermal expansion of Bi single crystals. A. GorTz AND 
R. C. HERGENROTHER, California Institute of Technology.—The value of the thermal expansion 
coefficient parallel to the principal axis of Bi-crystals (1/1\-dl/dT =a) has been determined 
by the measurement of the angles of Bragg reflections of the higher orders of Mo-Ka-radiation 
from the (111) plane, between room temperature and the melting point (272°C). The accuracy 
of this determination is of the same order as macroscopic measurements of expansion. The ob- 
servations were made in order to compare the results with the macroscopic measurements of 
a} and a by Bridgman and Roberts. The decline of the macroscopic expansion 30° —40° before 
the melting point could not be found by x-rays proving that the crystal elements do not dis- 
integrate before the point of fusion occurs. The values of a/c, (cp=true specific heat) show 
furthermore a striking constancy over the range of temperature measured, whereas this ratio 
shows variations with temperature up to 100 percent for the macroscopic expansion. The differ- 
ence between macroscopic and x-ray observations seem to indicate the existence of a secondary 
structure which begins to yield gradually before the melting point of the crystal element. Cer- 
tain irregularities of the temperature dependence of the reflected intensities seem to strengthen 
this explanation. The mean value for aj between 20° and 272° as obtained by x-rays is 16.1 
X10-* cm deg which agrees with the macroscopic observation of Roberts (16.2 X 10~*). 


9. The momentum of a moving body in special relativity. W. V. Houston, California 
Institute of Technology.—It is often difficult to visualize the nature of the added momentum 
given to a moving body by a uniform pressure acting on it. A simple picture of this effect may 
be constructed in the case of a perfect gas enclosed in a moving container. When viewed by an 
observer who is at rest with respect to the box, the molecules appear to be uniformly distributed 
among the different possible directions of motion. However, to an observer past whom the con- 
tainer is moving, more molecules are moving with the box than against it. This does not affect 
the total energy which is simply the scalar sum of the individual energies. It does, however, 
affect the momentum which is the vector sum of the individual momenta, and produces the 
extra term which involves the momenta. 


10. Metamagnetism in Bi single crystals. A. B. FockE anp A. Goetz, California Institute 
of Technology.—The influence of the presence of foreign atoms within the lattice of Bi crystals 
upon the magnetic susceptibility (x, and x,) is studied for the cases of Bi-Pb, Bi-Sn and 
Bi-Ge. In all cases the foreign atom is enantiomorphic and thus cannot replace a Bi atom. As 
long as the concentration is below the solubility limit (0.5 to 5 percent) foreign atoms always 
cause an increase of the magnetic anisotropy as well as an increase of its temperature coefficient. 
Thus the normal anisotropy of pure Bi crystals (x, /x,;=1.425) (A. B. Focke, Phys. Rev. 36, 
319, 1930) can increase in case of a tin concentration at the solubility limit (ca. 3 percent) to 
values of 10‘. (A. Goetz and A. B. Focke, Phys. Rev. 38, 1569, 1931.) At lower temperatures 
xii decreases to zero and below —3°C the crystal is paramagnetic parallel to the axis and stays 
diamagnetic normal to it. Measurements of the quantitative effect of concentrations of foreign 
atoms (beginning at 0.005 percent Pb) yielded the following empirical formula for the inverse 
magnetic anisotropy of Bi: 

x/x1=R=Ro—(Botao N*):(To—T) --- 

where T =abs. temperature; 7»=temperature at which the influence of foreign atoms upon the 
anisotropy disappears; Re=R for T=T o; Bo=temperature coefficient of R for purest Bi; 
N=concentration of foreign atoms; ao=effect of one foreign atom upon R; ¢=(N/a) - (da/dN). 
The values obtained for Bi are 7>=813°+5° abs.; Ro=0.95; ¢=0.5+0.005. Hence a is the 
only constant which depends on the type of impurity. Pb and Sn follow the relation over the 
whole range of temperature, whereas Ge shows at high temperatures deviations which seem to 
indicate the formation of an intermetallic compound. 

The influence of dissolved foreign atoms is too large to be accounted for in terms of a sta- 
tistical volume distribution. It seems necessary to assume an adsorption in the internal surface 
of the crystal due to the boundaries of its secondary structure. Approximate calculations give 
the same value for the parameter of this structure (ca. 10-* cm) as was previously observed. 
(Goetz, Proc. Nat. Acad. 16, 99, 1930.) 
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11. Soft x-ray critical potentials of beryllium. R. J. CHristENSEN (Introduced by R. B. 
Brope.), University of California.—Soft x-ray critical potentials up to 250 volts have been ob- 
served for freshly distilled Beryllium surfaces, observations being taken with the general type 
of tube employed by Richardson and his collaborators. When the photo current per unit bom- 
barding current is plotted directly against the accelerating potential a number of points are dis- 
cernable at which the slope of the curve abruptly changes. The considerably strongest break, 
occurring at 112.8 volts, is attributed to K radiation. In comparison the spectroscopic data 
of Séderman (Zeits. f. Physik 65, 656) show for the K radiation a width of 12 volts, the short 
wave-length limit corresponding to 112 volts. The width is explainable by the broadening of 
the energy states for the atom within the metal. The value obtained by the critical potential 
method must correspond to an energy somewhat higher than the spectroscopic value, the reason 
being that the bombarding electron must possess sufficient energy to remove the K electron up 
to at least the lowest allowed energy state in the metal, which is probably among the upper 
Fermi states, and in addition retain sufficient energy to be in another, likewise allowed state; 
while the radiation emitted is for the most part due to transition into the K states from states 
of less energy than the higher Fermi states. Two other rather strong breaks occur at 9.3 and 
11.7 volts. These may be ascribed to transitions from the Fermi group to possible discrete L 
levels. Other weaker break points are found at 18.7, 25.7, 33.7, 45.5 and 123.9 volts. A large 
number of very weak breaks of a rather unrepeatable nature are also observed. 


12. Predissociation in the sulfur monoxide molecule. E. V. MARTIN AND F. A. JENKINs, 
University of California.—The ultraviolet SO bands, first described by Miss Lowater in 1906, 
and later studied by Johnson and Cameron and by Henri, have now been photographed in the 
second order of the 21-foot grating. Measurement and analysis of the rotational structure of 
five bands completely confirms their *2—*= character, and yields the following preliminary 
molecular constants: »,=39,362.6, AG,’ =628.7 —11.3(v'+4), AG,” =1124.97 —12.287(v" +4), 
B,' =0.501 —0.006(v’ +3), By” =0.7055 —0.00505 (v’’+4), J.’ =55.21 X10 g-cm?, I.” =39.21 
X10, 7,’ =1.771 X 10-8 cm, vr.” = 1.493 X 10-8, y” 0, 7’ = +0.019, e’ —e’”’ = —0.686. The spin 
tripling is completely resolved above K’ = 30, and can be studied to K’ = 66. Perturbations occur 
in the upper states, and are particularly strong for v’ =1 and 2. A sudden breaking off of the 
rotational lines occurs for bands with v’ =0 at K’ = 66, for v’ =1 at K’ =52, and for v’ =2 at still 
lower K’. The v’=3 bands are very short, and no bands with higher v’ are observed. This is 
readily explained as due to predissociation and leads to 5.10 + 0.02 volts as the heat of dissocia- 
tion of normal SO, in contrast to the value 6.41 obtained by Henri by linear extrapolation of the 
lower levels. 


13. Mass ratio of the boron isotopes from the spectrum of BO. F. A. JENKINS AND 
ANDREW McKELLAar, University of California.—Extensive measurements have been made of 
the a bands of BO as excited by active nitrogen. With the dispersion of the second order of a 
21-foot grating, the data on the vibrational isotope effect permit a prtcise evaluation of the 
ratio of the reduced masses of B"O and B"°0O, p?=y/u*. The vibrational term-differences were 
found by applying the accurate methods developed by Birge in his work on the masses of the 
oxygen isotopes. Using the (0,0), (0,1) and (0,2) bands, we obtain by least squares p=w,'/w, 
= 1.029071 +0.000046. Entirely independent data from the (1,0), (1,1) and (1,2) bands give 
p= 1.029087 + 0.000052. The value of p corresponding to integral masses 11 and 10 is 1.029203. 
It is also found that the ratio of the band constants x.*/x. equals p within the probable error, 
and that the requirement a*/a=p? is satisfactorily fulfilled. Aston found the masses 11.0110 
+0.0016 and 10.0135 +0.0015 with the new mass-spectrograph, which gives the ratio B"/B'° 
= 1.09962, with a limit of error of +0.00032. Our mean p corresponds to 1.09961, with a proba- 
ble error of +0.00006, for this ratio, assuming Aston’s absolute value for B'*. This constitutes 
the first independent check on Aston’s relative masses and shows them to be more accurate in 
this case than indicated by his limits of error. 


14. Width of the D lines in sodium vapor. S. A. Korrr, National Research Fellow, M?. 
Wilson Observatory.—Microphotometer contours of the D absorption lines of sodium vapor ob- 
tained with the 30-foot spectrograph at Mount Wilson show improved agreement with theory 
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over values previously obtained. The lines are somewhat too wide, to have been produced by 
classical radiation damping. It is difficult to see, under the experimental conditions employed 
what other processes might be involved. The temperature range studied was from 180° to 
300°C, representing vapor densities of approximately 10" to 10“ atoms per cc. Above the latter 
temperature, pressure broadening sets in. The 2:1 ratio between the D lines is obtained, as is 
the theoretical variation of width with the square root of the number of atoms in the absorbing 
column. 


15. New measurements of the 1, 1 band of atmospheric oxygen. Haro_tp D. Bascock 
AND WENDELL P. HoGe, Mount Wilson Observatory.—Previous measurements resulting in the 
discovery of the 1,1 band (Phys. Rev. 35, 125, 1930) were made on a single plate. Eight new 
spectrograms, four from each of two excellent gratings, with solar zenith distances from 84° 
to 91° have now been measured. The increased air-path and improved photographic contrast 
permit measurement of 49 lines. These give within small errors of observation the same spacing 
of rotational levels of excited oxygen as we find from the B band, confirming Mulliken’s inter- 
pretation of the atmospheric bands. The spacing of rotational levels of normal oxygen is sys- 
tematically less for 1,1 than for A, B, and a bands, as would be expected. Taking separations 
of lines in P, and R, branches of 1,1 from homologous lines in the B band we find, after eliminat- 
ing the rotational effect, that the first vibrational level of normal oxygen is 1556.393 +0.006 
cm — above the ground state. A small error is found in the earlier determination of this interval 
and allowance for this makes that value consistent with the new, more reliable result. The sec- 
ond doublet in the tail of 1,1 is closely matched in intensity by the eighteenth in the tail of 0,0. 


16. Variation with temperature of the continuous absorption of light by diatomic gases. 
G. E. Gipson, University of California—Condon has shown that the continuous absorption 
arising from molecules in the lowest vibrational state (v’’=0) should vary with frequency in 
the manner actually observed; the maximum in the vibrational wave function, giving rise to a 
maximum in the absorption coefficient. Extending his reasoning we should expect the absorp- 
tion arising from molecules in the first vibrational state (v’ =1) to give two maxima correspond- 
ing to the maximum and the minimum of the wave function. Corresponding to the single node 
of the wave function (v’=1) we should have zero absorption near the frequency for which the 
absorption from v’’=0 is a maximum. This is qualitatively in accord with measurements by 
Bayliss on cklorine (not yet published). Near the maximum the absorption diminishes with tem- 
perature, owing to the decreasing number of molecules in the lowest vibrational state, while at 
frequencies farther from the maximum the increasing number of molecules in the first vibra- 
tional state causes the absorption to rise with temperature. 


17. A double crystal x-ray spectrometer and spectrograph. P. A. Ross, Stanford Uni- 
versity.—A double crystal spectrometer hasbeen built which seemsto possess certain advantages 
in convenience of operation. The first crystal does not rotate but is moved along milled ways 
perpendicular to the ‘midpoint of the line joining the focal spot to the axis of rotation of the 
second crystal. The beam reflected by the first crystal always passes over the axis of rotation 
of the second crystal which is mounted on the table of a large Bragg spectrometer equipped with 
a fine slow motion reading in seconds of arc. Both crystals and their fine adjustment controls are 
mounted on easily removable plates. Two taper pins in each plate provide for the accurate 
replacement of either crystal in its original position or turned through exactly 180°. The con- 
stants of the apparatus having been determined, the crystals may be removed and replaced, 
used in parallel or anti-parallel position, or as a single crystal spectrometer with no loss of time 
‘hunting for lines. By means of an electric rocking device, the apparatus has been used as a 
double crystal spectrograph showing the 8 doublet resolved and the y and 4 lines in molyb- 
denum. 


18. The effect of transverse magnetic fields on the thermal conductivity of bismuth at low 
temperatures. E. J. Knapp, University of Wisconsin.—A vacuum conductivity method was 
employed to observe the thermal conductivity of polycrystalline bismuth in transverse mag- 
netic fields ranging from zero to 11,000 gausses. Two series of observations were made. In the 
first series the average temperature of the specimen was — 160°C; in the second series it was 
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—119°C. The variation of the relative decrease in thermal conductivity with magnetic field 
strength was found to fit the equation, Ax/x = BH?/(1+CH*). The maximum decrease was 28.9 
percent in the first series of observations and 24.0 percent in the second series. In the first 
series the point of inflection of the curve, A«/« against H, appeared at about one-ninth of the 
maximum field strength; in the second series it appeared at about one-fifth of the maximum 
field strength. This work is being extended to single crystals at the University of Wisconsin. 


19. The spectra of two-and-three-valence-electron atoms. Sii;, P11, Srv, Sir, Pry and Sy. 
I. S. Bowen, California Institute of Technology—New measurements of the vacuum spark 
spectra of silicon, phosphorus and sulphur have been made with a vacuum spectrograph. With 
the aid of these data it has been possible to analyse a large number of hitherto unclassified lines 
as follows; in Siy, Pu and Syy many of the important quartet lines have been located. In Sir 
and Pry the stronger singlet lines have been classified, while in these ions and in Sy a large num- 
ber of lines involving terms in which both electrons are excited have been identified. 


20. Thermal expansion of copper alloys. PETER HiIpNERT, Bureau of Standards.—The 
linear thermal expansion of two cast copper alloys was investigated. One alloy (sample 1444A) 
made by the Bunting Brass and Bronze Company contained copper 84.84, tin 14.95 and lead 0.21 
percent and the other alloy (sample 1445) prepared at the Bureau of Standards contained cop- 
per 85.0, tin 5.0, zinc 5.1 and lead 4.9 percent. C. E. Eggenschwiler and H. B. Gardner deter- 
mined the chemical composition of the first and second alloy, respectively. The following coeffi- 
cients of expansion were obtained from the observations on heating. 














Average coefficients of expansion 

Temperature per degree centigrade 

range 
Sample 1444A Sample 1445 
20 to 100°C 18.010 17.8xX10~ 

20 to 200 18.2 18.1 
20 to 300 18.6 18.5 
20 to 400 18.8 18.9 
20 to 500 19.3 19.3 
20 to 600 19.8 20.0 
20 to 700 _ 20.6 











The results indicate that the substitution of about 5 percent zinc and 5 percent lead for 10 
percent tin in the first alloy, caused slight if any changes in the coefficients of expansion. 


21. Theory of the continuous absorption of light by diatomic molecules. G. E. Ginson AND 
O. K. Rice, University of California and Harvard University.—The theory of the effect described 
in Abstract 16 has been developed on the basis of quantum mechanics, and is found to be in 
quantitative agreement with the observed absorption curves and temperature coefficients. 


22. On the measurement of the energy of ultra-short electromagnetic waves. G. Pota- 
PENKO, California Institute of Technology.—Because of the lack of methods for direct absolute 
measurement of the energy of ultra-short electromagnetic waves, the author proposes an ap- 
proximate method of measuring the energy. This method is based on the determination of the 
amplitude of oscillations and of the current which appears in the plate circuit of the tube gen- 
erating ultra-short waves. In this way the energy of “dwarf” waves (see previous abstract) has 
been measured and a method of increasing their energy by means of negative plate potential 
has been studied. The power of ultra-short waves generated with one amplifier tube can in this 
manner be brought up to 0.08 watts for wave-lengths of about 10 cm and up to 0.2 watts for 
wave-lengths of about 60 cm. 


23. The calculation of errors by the method of least squares. RaymMonp T. BirGe, Uni- 
versity of California.—The assumptions underlying the various least squares’ formulas for the 
calculation of errors are stated, and the true meaning and applicability of the formulas are 
critically discussed. New experimental data are presented which indicate the essential correct- 





AMERICAN PHYSICAL SOCIETY 


ness of the Gaussian error curve, in the region of large residuals as well as small. Scarborough’s 
deduction (Proc. Nat. Acad. Sci. 15, 665, 1929) that the calculation of errors from internal 
consistency is correct, but the calculation from external consistency is invalid, is shown to be 
entirely unjustified. Either method may be used, if only accidental errors are involved, and any 
serious disagreement of the two methods is a sure indication of the presence of constant or sys- 
tematic errors. In this latter situation the error calculated from internal consistency is obviously 
untrustworthy, yet the literature abounds in examples of the use of such false errors,—notably 
in F, W. Clarke's extensive calculations of atomic weights. In this situation the only feasible 
procedure is to assign weights arbitrarily and calculate the error of the resulting weighted aver- 
age by means of external consistency. The above conclusions are illustrated in detail, using actual 
observational data. 


24. Nuclear spin of phosphorous from the band spectrum. F. A. JENKINS AND MURIEL 
ASHLEY, University of California.—The resonance band system of the P2 molecule, first meas- 
ured by Geuter, and recently studied by Herzberg and by Jakolewa (Zeits. f. Physik 69, 548, 
1931) has been photographed in emission with high dispersion. The rotational structure is well 
resolved in the region 2300—3300A, but overlapping is serious except for a few bands between 
2700-3000. These show only P and R branches consisting of single lines, the structure char- 
acteristic of a 'Z—'* transition. Alternating intensities occur in each branch, and are particu- 
larly well marked in the band at 2953.9, for which the P and R branches are approximately 
superimposed. This is the 6,22 band, according to Jakolewa’s assignment of vibrational quan- 
tum numbers. A number of the neighboring bands have the two branches separated, and the 
alternation of intensities in each is definite. The alternation ratio observed visually appears to 
be 3:1, giving for the nuclear spin J =}. Until quantitative measurements are made, the ratio 
2:1 cannot be definitely ruled out, although not expected theoretically for atoms containing 
an odd number of nuclear protons. A detailed analysis of the rotational structure of this band 
system is being undertaken. 


25. The photoionization of atomic potassium. MELBA PHILLIPS, University of California. 
—The photoelectric yield in potassium vapor is found observationally to pass first through a 
minimum and then through a pronounced maximum (at 2480A) as the wave-length is decreased 
beyond the series limit. We have tried to see whether such behavior of the potassium atom could 
be understood. We have taken for the atomic field Hartree’s self-consistent field, corrected for 
the polarization of the core to give correctly the term value of the normal state. The photo- 
electric intensity diminishes with decreasing frequency, as in the case of other atoms; the de- 
crease is a good deal faster than that given by a \* law; and no anomalous maxima appear. 
There seems to be no reasonable change in the atomic field which could give the observed curve. 
The absolute value of the absorption coefficient is smaller than that estimated experimentally 
by Ditchburn, and more than ten times smaller than the value for sodium. An appreciable 
part of the photoionization could thus be due to molecules, although under the conditions of 
the experiment relatively few such molecules have been supposed to be present. This possi- 
bility is being investigated. 


26. The continuous radiation of slow electrons. LEo NELEDsKy, University of California. 
—The radiation of electrons in a Coulomb field has been computed by the correspondence 
principle and on the quantum mechanics; for fast electrons and high frequencies this model 
gives a satisfactory account of the production of continuous x-rays by electrons impinging on 
matter. For slow electrons and relatively soft x-rays the model fails, giving in all cases too much 
radiation. We have therefore refined the model, taking roughly into account the screening of 
the atomic electrons, by surrounding the nuclear point charge by a shell of negative electricity. 
As was to be expected, both for low velocities (under thirty volts), and for small velocity 
changes, this model gives much less radiation than that of the unscreened charge. A comparison 
of the theoretical isochromats with experimental ones recently obtained by Mohler and Boeck- 
ner shows agreement in the shape of the curves, and a very reasonable agreement in their 
absolute magnitude, whereas a correct application of the earlier calculations would fail to give 
these. For light atoms the curve of intensity of radiation plotted against the product of radius 
and mean charge shows striking maxima and minima. 
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27. Design of a high-vacuum, high-speed diffusion pump. HAaro_p T. Byck ANp I. Es- 
TERMAN, University of California.—By a combination of metal nozzle and glass body, a one- 
stage diffusion pump with a pumping speed equal to that of well-known three-stage metal 
pumps has been built. While the design involves no new principles, the combination of glass 
and metal is one which can be made easily and cheaply in any laboratory. The final design is 
the result of a series of measurements of pumping speed with variation of diffusion area, and 
the dimensions given yielded the maximum pumping speed which is of the order of 14 liters of 
air per second at 10~* mm Hg. 


28. The magnetic anisotropy of colloidal crystals of graphite. A. Goetz, A. FAESSLER 
ANb A. B. Focke, California Institute of Technology—A method has been developed which 
permits one to measure the magnetic susceptibilities of small single crystals down to ultra- 
microscopic sizes, with regard to their crystallographic orientation. The process can be applied 
to all crystalline substances showing magnetic anisotropies, (e.g., Sb, Bi and graphite). In 
case of graphite, the Ceylon-mineral is carefully purified which process proves to be important 
in order to obtain single crystalline particles of high perfection. This powder is suspended in a 
liquid solution of agar in order to settle. The process of settling takes place in the field of a 
strong magnet which orients each particle with regard to its most paramagnetic axis. Then the 
agar-solution is solidified by cooling, thus fixing each particle in its position, and forming a 
specimen similar to a large single crystal in which each particle is parallel to, but separated from 
its neighbour. The magnetic anisotropies of such single crystals are remarkably large, partly 
due to the absence of distortion and occlusion of impurities, both occuring in natural crystals. 
Whereas X\/X, has been measured in natural crystals from 1:4 to 1:7, values of 1:18 have been 
obtained from colloidal crystals. It is furthermore possible to determine the critical size of the 
particles below which the crystal diamagnetism begins to depend on the dimensions of the 
crystal (below 10~‘ cm). It is hoped that experiments of the type described will permit the direct 
measurement of the mean free path of the “free” electrons in crystals. 
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